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A page spread from Bradwardine’s Arithmetica Speculativa
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false. What is needed is some analysis which blocks at least one of these
proofs.

2. The Insolubles are False

Bradwardine’s proposal is that the Liar paradox, and indeed all such
insolubles, are simply false, and not true. At the heart of his diagnosis
lies his Thesis 2, that “If a proposition signi!es itself not to be true or
to be false, it signi!es itself to be true and is false.”8 His proof depends on
certain background de!nitions and postulates, which he sets out explicitly:

DeWnition� 1� A true proposition is an utterance signifying only as things are.
DeWnition� 2� A false proposition is an utterance signifying other than things are.

Postulate� 1� (Bivalence) Every proposition is true or false.
Postulate� 2� Every proposition signi!es or means contingently or necessarily every-
thing which follows from it contingently or necessarily.

This closure principle, stating that signi!cation or meaning is closed under
implication and entailment, will play a crucial role in his diagnosis. His
third postulate states his opposition to his predecessors, the restringentes and
the cassantes:9

Postulate� 3� The part can supposit for its whole and for its opposite and for what
is equivalent to them.

Supposition was the medieval equivalent of reference. Postulate 3 rejects
the popular suggestion that self-reference is impossible.

Postulate� 4� (De Morgan) Conjunctions and disjunctions with contradictory parts
contradict each other.

8 See Roure’s edition (cited above in n. 4), §6.05, p. 298. Roure’s reading of the sec-
ond thesis is: “si aliqua propositio signi!cat se non esse veram vel se esse falsam ipsam,
signi!cat se non esse veram et est falsa.” The proof which follows, the Bodleian manu-
script Oxford Can. lat. 219 which I have consulted, Paul Spade’s citation of the Bruges
ms. in Spade 1975 (see above, n. 1), 109 and in Spade 1981 (op. cit., above, n. 1), 118
and Roure’s own translation of the thesis (op. cit. above, n. 4: p. 238) show that the sec-
ond ‘non’ here is an incorrect interpolation.

9 See, e.g., P.V. Spade, Insolubilia, in: N. Kretzmann et al., ed., The Cambridge History 
of Later Medieval Philosophy, Cambridge 1982/88, §IV.12, 246-53; and Bradwardine, Insolubilia,
chs. 3-5, in Roure’s edition (op. cit., above, n. 4), 287-93.

the� liar� paradox 191

Stephen Read, “The Liar Paradox from John Buridan back to Thomas Bradwardine”
Vivarium 40 (2002), 189–218. Excerpt from page 191
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The Grammar

t : p

is to be read as “t says that p” . . .

is a sentence when “t” is a term and “p” is a sentence . . .

predicates a property of the object t . . .

is an operator on the proposition p . . .

will be used to define T .
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Defining Truth and Falsity

declarative Dx := (∃p)(x : p)

nondeclarative Nx := ¬(∃p)(x : p)

true Tx := Dx ∧ (∀p)(x : p ⊃ p)

false Fx := (∃p)(x : p ∧ ¬p)

fact: Everything is exactly one of nondeclarative, true and false.
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Options in the Logic of Truth

Syntax:

typed or type-free

Logic:

non-classical or classical

T biconditionals:

redefined or rejected

The concept T :

primitive or defined
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The Bradwardine Axiom

If p → q then x : p → x : q

question: What is the conditional ‘→’ used in the axiom?
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The Classical Bradwardine Axiom

(p ⊃ q) ⊃ (x : p ⊃ x : q)

I q ⊃ (x : p ⊃ x : q)

so anything declarative says
anything that is the case.

I ¬p ⊃ (x : p ⊃ x : q)

so anything saying something
that is not the case says
everything.

− Nondeclarative sentences say nothing.

− True sentences say everything that is the case.

− False sentences say everything.
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The Classical Bradwardine Axiom

The classical axiom is not very discriminating.
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The Modal Bradwardine Axiom

�(p ⊃ q) ⊃ �(x : p ⊃ x : q)

This is not so bad.

However, everything declarative says every necessity,
and anything saying an impossibility says everything.
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Relevant Bradwardine Axioms

(p → q) → (x : p → x : q)

or maybe
�(p → q) → �(x : p → x : q)

or perhaps
x : p ∧ (p → q) → x : q

There are many options.

I won’t consider relevant logic, as the model theory is rather subtle.
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Liar Sentences

λ : ¬Tλ

If Tλ, then (∀p)(λ : p ⊃ p), so λ : ¬Tλ ⊃ ¬Tλ, and hence, ¬Tλ.

So, ¬Tλ.

It doesn’t follow that Tλ. That would mean everything λ says is the case.

Since ¬Tλ, it follows that something λ says is not the case. But what?

Bradwardine and Read think that λ : Tλ, but their proof is highly sensitive
to the logic employed.

It is vacuously true under the classical Bradwardine axiom (then λ says everything). I have

counterexamples under modal and relevant axioms.
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There’s just one problem . . .

We have a proof that ¬Tλ,

and the standard proof that Tλ fails.

To be happy, we’d like some assurance of consistency,
or we’ll be worried that the paradoxes will come back to bite us.

Some model theory would be nice.

But what do models of this theory look like?
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The Background Language and Logic

Classical logic (∧,∨,¬,⊃) with propositional quantification (∀p), and
first-order quantification (∀x), and an s5 modal operator (�).

For simplicity, we will use Kripke models for constant domain quantified
s5, in which accessibility is universal and the propositional quantifiers
range over every set of worlds.

This logic (qs5∀p) is not axiomatisable,

but that’s no problem, as we’re
looking for some neat models for a theory.
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Simple Models for the Bradwardine Axiom

I (mba) (∀x)(�(p ⊃ q) ⊃ �(x : p ⊃ x : q))

This has simple models:

reticent x : p holds never.

Nothing is declarative. Nothing is true or false.

verbose x : p holds always.

Everything is declarative. Everything is false.
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That’s not the idea

But we want interesting models,

in which we can express sentences like λ.
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A Language

For each formula A, include a term pAq, the name of A.

(Arithmetic and Gödelnumbering is one technique. There are others.)

It makes sense to require transparency: pAq : A.

Then TpAq ⊃ A follows.

However, we don’t always have A ⊃ TpAq.

Transparency rules out reticent models, but not verbose ones.
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Grounded Sentences

When does A ⊃ TpAq fail on this picture?

We’ve seen it fail when A is paradoxical.

When A is grounded, it seems plausible that A ⊃ TpAq.

(At least in the absence of context shifts, etc.)

This requirement makes modelling the theory more interesting.
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Our Target

mba (∀x)(�(p ⊃ q) ⊃ �(x : p ⊃ x : q))

T-def Tx is (∃p)(x : p) ∧ (∀p)(x : p ⊃ p)

transparency pAq : A

It follows that TpAq ⊃ A.

grounded T-intro A ⊃ TpAq for grounded A.
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models



Says that . . .

(x : p) ∧ (x : q) ⊃ (x : p ∧ q)

Closure under conjunction might look plausible,
given closure under entailment.

For declarative objects x, ‘x : ’ acts like a normal modal operator.

Our models treat ‘says that’ as a family of normal modal operators.
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Simple Bradwardine Frames

〈W,O,D, {Rd : d ∈ D}〉

I A nonempty set W of worlds
I A nonempty set O of objects
I A subset D of O of declarative objects
I A relation Rd ⊆ W ×W for each d ∈ D

Given an interpretation of the atomic predicates (and an assignment of
values to variables) this suffices to interpret the language of qs5∀p in the
usual way.

M, α,w 
 t : A iff [[t]]α ∈ D and (∀v ∈ W)(wR[[t]]αv ⊃ M, α, v 
 A).
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Example: non-reflexive points

[[p]]

R[[t]]

R[[t]]

R[[t]]

p

p

p

t : p

¬p

Ft
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Example: reflexive points
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How Truth Behaves

I M, α,w 
 Dt iff [[t]]α ∈ D.

I M, α,w 
 Tt iff [[t]]α ∈ D and wR[[t]]w.

I M, α,w 
 Ft iff [[t]]α ∈ D and it is not the case that wR[[t]]w.
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Checking the Axioms

mba (∀x)(�(p ⊃ q) ⊃ �(x : p ⊃ x : q))

(If all the p worlds are q worlds, then all the
R[[x]]-accessible p worlds are q worlds.)

T-def Tx is (∃p)(x : p) ∧ (∀p)(x : p ⊃ p)

(This is just a definition.)

transparency pAq : A

grounded T-intro A ⊃ TpAq for grounded A.

(These need more work.)
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Bradwardine Frames with syntax

We need [[pAq]] ∈ D for each A.

transparency: wR[[pAq]]v ⇒ A holds at v.

T-intro: A holds at w ⇒ wR[[pAq]]w, for grounded A

This interaction between truth in the model
and accessibility is not easy to construct.
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limits



Starting from scratch

Suppose you have a qs5∀p model M, with a denotation for each term pAq.

(It could just be a model for arithmetic. Having more than one world is not essential.)

My task is to define the R[[A]] for each A in order to satisfy

transparency wR[[A]]v only when A is true at v.

grounded T-intro For grounded A, if A holds at w, then wR[[A]]w.

Transparency is satisfied when R[[A]] is empty.

We’ll start there and add links in the accessibility graph conservatively.
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grounded T-intro For grounded A, if A holds at w, then wR[[A]]w.

Transparency is satisfied when R[[A]] is empty.

We’ll start there and add links in the accessibility graph conservatively.
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The Beginning

Br0(M) is M together with empty relations R[[pAq]].

It is the zeroth Bradwardine model on M.

Limits 33 of 48



The Beginning

Br0(M) is M together with empty relations R[[pAq]].

It is the zeroth Bradwardine model on M.

Limits 33 of 48



Example: Br0(M)

M

Br0(M)

legend
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.
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Development

A development of a model S

is any model S ′ in which the relations R[[pAq]]

are replaced by R ′
[[pAq]] ⊇ R[[pAq]].
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Example: S and some of its developments

S

S ′S ′′S ′′′

legend
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.

.
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Settled sentences

A is said to be settled at w in M if and only if

(M, α,w 
 A iff M ′, α,w 
 A) for each development M ′.

fact: Each sentence not containing “:” is settled everywhere in M.
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Safety

An arc wR[[pAq]]v is safe in M iff

M ′, α, v 
 A in every variant M ′.

M is safe iff it every arc in M is safe.

(Safe models don’t only validate transparency,
they make it easy to find variants which validate transparency too

— you need only check transparency for new arcs.)
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From Br0(M) to Br1(M)
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Br1(M)Development of Br1(M)

legend

R[[pAq]]

R[[pBq]]

.

.

.
A

TpAq

Limits 39 of 48



From Br0(M) to Br1(M)

Br0(M)

Br1(M)

Development of Br1(M)

legend

R[[pAq]]

R[[pBq]]

.

.

.
A

TpAq

Limits 39 of 48



From Br0(M) to Br1(M)

Br0(M)

Br1(M)

Development of Br1(M)

legend

R[[pAq]]

R[[pBq]]

.

.

.
A

TpAq

Limits 39 of 48



From Br0(M) to Br1(M)

Br0(M)Br1(M)

Development of Br1(M)

legend

R[[pAq]]

R[[pBq]]

.

.

.
A

TpAq

Limits 39 of 48



From Br0(M) to Br1(M)

Br0(M)Br1(M)

Development of Br1(M)

legend

R[[pAq]]

R[[pBq]]

.

.

.
A

TpAq

Limits 39 of 48



From Br0(M) to Br1(M)

Br0(M)Br1(M)

Development of Br1(M)

legend

R[[pAq]]

R[[pBq]]

.

.

.
A

TpAq

Limits 39 of 48



The Jump

definition: Given a model M, define R ′
[[pAq]] by setting wR ′

[[pAq]]v iff

I wR[[pAq]]v, or
I M, α, v 
 A and A is settled at v over every development of M.

The variant of M with accessibility relations R ′
[[pAq]] is the said to be the

jump M ′ of M.

Brα+1(M) is the jump of Brα(M).
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Safe Jumps

fact: If M is safe, then so is its jump M ′.

Proof: Every arc in M ′ comes either from M (in which case it is safe in M ′,
as any variant of M ′ is a variant of M, and it is safe in M), or it is safe in
M ′ by construction.

Br0(M) is safe.

So, each jump Brn(M) is safe too.
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Limit Stages

Given a sequence Mλ (λ < κ) of safe models such that Mλ is a variant of
Mε whenever λ > ε,

then the limit model Mκ of the construction is
defined by setting R[[pAq]]κ =

⋃
λ<κ R[[pAq]]λ.

fact: The limit Mκ is safe variant of each Mλ (λ < κ).

Limits 42 of 48



Limit Stages

Given a sequence Mλ (λ < κ) of safe models such that Mλ is a variant of
Mε whenever λ > ε, then the limit model Mκ of the construction is
defined by setting R[[pAq]]κ =

⋃
λ<κ R[[pAq]]λ.

fact: The limit Mκ is safe variant of each Mλ (λ < κ).

Limits 42 of 48



Limit Stages

Given a sequence Mλ (λ < κ) of safe models such that Mλ is a variant of
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Fixed Points

We cannot have Brα(M) 6= Brα+1(M) for each α.

Let the fixed point be Br∗(M).
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Br∗(M) satisfies transparency

fact: In Br∗(M), pAq : A holds at every point.
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Br∗(M) satisfies T -intro for grounded sentences

definition:
I If A is ‘:’-free, it is grounded at level 0.

I Dt is grounded at level 0.
I Boolean combinations of sentences Ai grounded at level αi are

grounded at maxi αi.
I If A is grounded at α and B is grounded at β, then pAq : B is grounded

at max(α,β).
I If A is grounded at α, TpAq and FpAq are grounded at α + 1.
I If φ(pAq) is grounded at αpAq, then (∀x)(Form(x) ⊃ φ(x)) is

grounded at level supAαpAq.

fact: If A is grounded at stage α, then A is settled at all points in Brα(M).

corollary: If A is grounded at stage α, then in Br∗(M), at all points,
A ⊃ TpAq.
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Leitgeb’s Desiderata

(a) T is a predicate. yes

(b) If T is added to a theory, it should prove the theory true. ???
(This seems manageable for theories without ‘:’.)

(c) No type restrictions on T . yes

(d) Unrestricted T-biconditionals. only for some sentences

(e) T is compositional. only for some sentences

(f) Allow for standard interpretations. yes

(g) Outer and inner logic coincide. only for some sentences

(h) Outer logic classical. yes
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Where do we go from here?

1. what holds in each M(:)∗.

I Examples: (∀x)(Dx ⊃ x : Tx)

2. Are there other natural jumps which give different results?

3. Is there an axiomatisation of the nonmodal system? Of a natural
subsystem of the modal logic?

4. What would be the strength of such theories?

5. How does the nonmodal version relate to known theories of truth?

6. What is the behaviour of other ungrounded sentences in the models?

7. What about other logics (ternary frames, etc)?
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