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Normative Pragmatics and Proof Theory

Assertion, Denial, Supposition
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How (Vx), (Ix), 1 & O interact
is another question entirely.
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Today I'll show you how.
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Today's Plan
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INTRODUCTION



Ruth Barcan and the Barcan Formula

\v/x D"—x ’*D\‘/x Fx

Portrait by Renee Jorgensen Bolinger
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It's very easy to prove the Barcan Formula

Just add (VL), (VR), (L) & (JR) and stir.
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Barcan Derivations

Fat Fa
OFatF | FFa
vxOFxF | FFa
vxOFx - | F VxFx
VxOFx F DvxFx
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Barcan Derivations

Fat Fa
OFatF | FFa
vxOFxF | FFa
vxOFx - | F VxFx
VxOFx = OVxFx
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Barcan Derivations

Fat Fa
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vxOFx - | +Fa
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Barcan Derivations

Fat Fa
OFatF | FFa
vxOFxF | FFa
VxOFx + | F VxFx
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Barcan Derivations

Fat Fa
OFatF | FFa
vxOFxF | FFa
vxOFx - | F VxFx
VxOFx F DOvxFx
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Barcan Derivations

Fat Fa
(4L
OFat | FFa
(VL)
vxOFx - | FFa
(YR)*
vxOFx - | F VxFx

(CR)

VxOFx F OvxFx

Fa - Fa
(OR)
Fak | +F OFa
(3R)
FatF | F3IxOFx
an-
IxFx = | F 3IxOFx
(OL)

OdxFx F IxOFx
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Some people even believe this!
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Tim Williamson







But surely there’s some space
for contingent existence.
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Where?
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Models for QML with
contingent existence
invoke free logic
for the quantifiers.

Let’s start there.
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FREE LOGIC



Being DEFINED

% is not defined.

lim, o f(x) is defined
when f is monotone and bounded.
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SOLOMON FEFERMAN*

DEFINEDNESS

ABSTRACT. Questions of definedness are ubiquitous in mathematics. Informally, these
involve reasoning about expressions which may or may not have a value. This paper
surveys work on logics in which such reasoning can be carried out directly, especially in
computational contexts. It begins with a general logic of “partial terms”, continues with
partial combinatory and lambda calculi, and concludes with an expressively rich theory of
partial functions and polymorphic types, where termination of functional programs can be
established in a natural way.

Erkenntnis 43: 295320, 1995.
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tis defined
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A Model 97t

» A non-empty domain D.

» A predicate Fis interpreted as a subset F” of D™ (as
usual).

» A function symbol f is interpreted as a partial function
D" — D (not as usual).

» (For Feferman, zero-place function
symbols—constants—are always defined.)
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Interpretations

Given an assignment « of values to variables

> [[X]]gm,(x = a(x)

s Ifty -ty o = Pty o0 - - - [tadgy o)


http://consequently.org/presentation/2015/cemd-anu/

Being Defined in a Model

[tlgy ol L [t]gy , takes a value.
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Satisfaction

- I ] [y oL
> M o s = tiff [sloy oL, [tlgn ) and [slyy , = [thyy

» M E, Fty - - -t iff for each i, [[ti]]sm,cxl and
(Tl oo -« > [taln o) € F

» ...and compound formulas are treated as usual.
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That's all very straightforward

The important thing (for me)
is that it has a natural proof theory.
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Definedness Sequents

D: XFY;U

MODEL THEORETIC READING:

There is no model where
each element of D is defined
each element of X is true
each element of Y is false
and each element of U is undefined.
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Definedness Sequents

D:XFY:U

DIRECT READING:
You can’t rule D and X in
while ruling Y and U out.

(Where ruling a formula in/out is asserting/denying it,
and ruling a term in/out is taking it to refer/fail to refer.)


http://consequently.org/presentation/2015/cemd-anu/

Definedness Sequents

D:XFY:U

DIRECT READING:
You can’t rule D and X in
while ruling Y and U out.

(Where ruling a formula in/out is asserting/denying it,
and ruling a term in/out is admitting it/banishing it.)
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Structural Rules for Definednesss

t,D;XFY;U,t vu

D;XFY;U,x xud

D:;XFY;Ut t,D;XFY;U
D;XEFY; U

(t-Cut)

t,t,D; X FY; U D;XEFY;U,t,t

tDxEy.u v D:XEY Ut

(t-WR)
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Structural Rules for Definednesss

t,D;XFY;U,t vu

D;XEFY;U,x x4

D:;XFY;Ut t,D;XFY;U
D;XEFY; U

(t-Cut)

t,t,D; X FY; U D;XEFY;U,t,t

tDxEy.u v D:XEY Ut

(t-WR)
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Variables are always defined

D;I'E AU, x
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D;I'E AU, x

Let x be a number ...

Is x defined?
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Let x be a number ...

Is x defined?

Of course it is.
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Variables are always defined

D;T'E AU, x

Let x be a number ...

Is x defined?

Of course it is.
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Rules for Predicates and Functions

t, D; ' AU
fti---t,,D;T AU

(fL)

t,D;T'F AU
D;F(ty,...,t), THF AU

(FL)
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Rules for |

t,D;T'F AU . D;I'E AU, t
Dt TF AU DT FA U

(LR)
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Quantifier Rules

D;XFY;Ut D;A(t),XEY;U
D;VxA(x), X FY;U

(VL)

D; X A(y), ;U
D; X EV¥xA(x),Y;U

(VR)*
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Sample Derivations

Gx F Gx HxF Hx

(DD
Fx F Fx Gx,Gx D Hx - Hx

(@))]
Fx D Gx,Fx - Hx;x Fx D Gx,Gx D Hx, Fx - Hx

(VL)
(Vx)(Gx D Hx),Fx F Hx ; x Fx D Gx, (Vx)(Gx D Hx), Fx - Hx

(VL)
(Vx)(Fx D Gx), (Vx)(Gx D Hx), Fx - Hx

(OR)
(Wx)(Fx D Gx), (Vx)(Gx D Hx) F Fx D Hx

(VR)*
(Vx)(Fx D Gx), (Vx)(Gx D Hx) F (Vx)(Fx D Hx)
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Sample Derivations

Gx F Gx HxF Hx
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()]
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(Vx)(Fx D Gx), (Vx)(Gx D Hx) F (Vx)(Fx D Hx)
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Sample Derivations

Gx F Gx HxF Hx

(DD
Fx F Fx Gx,Gx D Hx - Hx

(@))]
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Sample Derivations

(IR
e P
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Sample Derivations

S )
st F s P s gl
fs L s P el ot WY
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Sample Derivations

t FA();t tA(t) HA(t)
tVx A(x) F A(t)
Vx A(x),t] FA(t)

(VL)

(L)
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MODAL LOGIC



Hypersequents

XEY | XY’

You can’t assert X and deny Y in one context
and assert X’ and deny Y’ in an an alternative context.
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[Ip

=P
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Hypersequents for [Jand ¢

XEFY | X,AFY | A FA | XFY | A

(
X, OAFY | XEY | A XFOAY | A

L) (OR)
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Hypersequents for [Jand ¢

XEFY | X,AFY | A FA | XFY | A
(L) (OR)

X, OAFY | XEY | A XFOAY | A

AFTXEY [ A X'FY | XFAY | A
(©L) OR)

(
X, 0AFY | A X'FOAY | XFY | A
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Sample Derivations

pEp qkq
— (1 ———— (L)
Opk | Fp OgF | Fq
(AL) (AL)
OpAlgqF | Fp Op AlgqF | I—q/\
(AR)
OpAldgtk | FpAgq

Op AOgFO(pAQq)

(R
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Sample Derivations

pkEp akd
— (L) — »
Opk | Fp OgF | Fq
(AL)
OpAOgqk | Fp OpAOgqk | Fq

OpAldgtk | FpAgq

Op AOgFO(pAQq)

Fl o Tpkyp
)y
Opk | F | Fp
R
Optk | FDOp
(OR)

(OR

)

L

AN

(AR)

L)
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Sample Derivations

pkEp atkq
————— (O — @
Opk | Fp Ogk | kg
(
OpAOqk | Fp OpAOqF | kg
OpAldgtk | FpAgq
(OR)
Op AOgFO(pAQq)
Fl o Tpkyp
O pEp | F
Opk | F | Fp -
(OR) pE | FOp
Opk | HOp -
(OR) p = 0O0p

L

AN

L)

(AR)
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This can be naturally extended ...
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... to other normal modal logics,
to the logic of actuality,

to 2D modal logic,
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This can be naturally extended ...

... to other normal modal logics,
to the logic of actuality,
to 2D modal logic,

and beyond.
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This can be naturally extended ...

... to other normal modal logics,
to the logic of actuality,
to 2D modal logic,

and beyond.

But here, s5 and simple hypersequents suffice.
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FREE MODAL LOGIC



Let’s put them together!
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That seems like a good idea ...
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..except for the fact that it is no help at all.
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..except for the fact that it is no help at all.

Fx - Fx

(x-Id) (WD)}

x| FFx OFx - | FFx
WxOFxF | F Fx e
YxOFx F | F VxFx
VxUFx = OVxFx

(VR)*
LR
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..except for the fact that it is no help at all.

Fx - Fx

(x-Id) (WD)}

Foox | FFx OFx - | FFx
WxOFxF | F Fx e
YxOFx F | F VxFx
VxUFx = OVxFx

(VR)*
LR
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Variables?

Is it incoherent to deny that x exists?
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Variables?

Isit incoherent to deny that x exists?

Not at all: it makes perfect sense,
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Variables?

Isit incoherent to deny that x exists?

Not at all: it makes perfect sense,
counterfactually.
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Variables?

Is it incoherent to deny that x exists?

Not at all: it makes perfect sense,
counterfactually.

This is the heart of commitment to contingent existence.
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Revised Rules

D;XFY;Ux | A xId
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Revised Rules

D; X ;

x-Id
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Revised Rules

D; X 5 x-1d

D;XEY;U,t | A D;At),XEY;U | A
D;vxA(x),XEFY;U | A

(VL)
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Revised Rules

D; X 5 x-1d

D;XEY;U,t | A D;At),XEY;U | A
D;vxA(x),XEFY;U | A

(VL)

y,D;XEA[y),v;u | A
D;XEFVxA(x),Y;U | A

(VR)*
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Revised Rules

D; X 5 x-1d

D;XEY;U,t | A D;At),XEY;U | A
D;vxA(x),XEFY;U | A

(VL)

y,D;XEA([y),v;u | A
D;XEFVxA(x),Y;U | A

(VR)*
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Necessarily, everything exists

ol ox; Fox
— (R
ol ox; Bxl

(VR)*
F | FVxx]
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Now the Barcan Formulas are Underivable

VxOFx F’ Ovx Fx
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Now the Barcan Formulas are Underivable

VxOFx F° Cvx Fx
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Now the Barcan Formulas are Underivable

wxOFx F Ox Fx | H Wx Fx
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Now the Barcan Formulas are Underivable

VxOFx F Ovx Fx | y; F Wx Fx, Fy
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Now the Barcan Formulas are Underivable

VxOFx F COvx Fx | y; F Wx Fx, Fy


http://consequently.org/presentation/2015/cemd-anu/

Now the Barcan Formulas are Underivable
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Now the Barcan Formulas are Underivable

vxOFx, OFy F Ovx Fx | y; ' Wx Fx, Fy
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Now the Barcan Formulas are Underivable

vxOFx, OFy F* COvx Fx | y; Fy F Vx Fx, Fy
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Now the Barcan Formulas are Underivable

vxOFx, OFy H Ovx Fx | y;Fy F Vx Fx, Fy
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Now the Barcan Formulas are Underivable

vxOFx H COYx Py | y; F W Fx, Ry
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Now the Barcan Formulas are Underivable

wxOFx, OFx F Cvx sy | ug H Vx Fx, Fy
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Now the Barcan Formulas are Underivable

VxOFx, OFx F COx Fxoy |y Fx P W Fx, Fy
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Now the Barcan Formulas are Underivable

VxOFx, OFx F Cx Fxcy |y Fx F W Fx, Fy
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Now the Barcan Formulas are Underivable

VxOFx, OFx F’ CVx Fxsy | x,y; Fx ' ¥x Fx, Fy
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Now the Barcan Formulas are Underivable

VxOFx, OFx F' COVx Fxsy | x,y; Fx F? Wx Fx, Fy
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Now the Barcan Formulas are Underivable

vxOFx, OFx, Fx F CVx Fx;y | x,y; Fx F Vx Fx, Fy
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Now the Barcan Formulas are Underivable
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Now the Barcan Formulas are Underivable

[x;Fx : Fy;ul | [x,y; Fx : Fy; ]
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Now the Barcan Formulas are Underivable

[x;Fx : Fy;ul | [x,y; Fx : Fy; ]

The limit of the derivation search is what we can use for a model.
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THEOREMS



Models

» Worlds, and a (possibly empty!) domain at each world.
> Predicates at each world interpreted as a subset of the domain at that world.

> Function symbols interpreted as partial functions on world domains at worlds.

Given assignments of values to variables
> Aterm is defined if it takes a value in the domain at the world.
> | (at aworld) expresses being defined (at that world).

And the truth conditions are straightforward:

> Vx A(x) is true at a world iff A(x) is true of every object in the domain of that
world.

» [JA istrue at a world if A is true at every world.
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Soundness

Each derivable sequent holds in every model.
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Soundness

Each derivable sequent holds in every model.

(Straightforward proof by induction on derivations.)
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Completeness

Every underivable sequent fails in some model.
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Completeness

Every underivable sequent fails in some model.

(Actually, every sequent underivable in the system without cut fails in some model.)
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Completeness (cont.)

Convert each connective rule to an equivalent one
where the premise(s) contain(s) the conclusion:

D"X'FY U | D;X,AFY;U | A FA | D;XFY;U | A
DX . OAFY:U | DXEYU| A DXFOAYU]| A R
become

DX OAFYSU | D:X,AFY:U | A FA | XFOA,Y | A

1oye! IR @r) (CR"
DXL O0ARYSU | DyXEY;U | A XFOAY | A
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Completeness (cont.)

D:;XEY;U,t | A D;AR),XEY;U | A
D;VxA(x),XFY;U | A

(VL)

becomes
D;VxA(x),XFY;U,t | A D;A(t),VxA(x),XFY;U | A
D;VxA(x),XFY;U | A

(VL")
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Completeness (cont.)

D,y; X A(y),y;u | A
D;XEVxAx),Y;U | A

(VR)*

becomes
D,y; X A(y), ¥ A(x),Y;U | A
D;XEFVxAx),Y;U | A

(VR
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Completeness (cont.)

» Any underivable hypersequent can be filled out with a backwards
derivation search.

» The limit of such a search gives us a model: zones are worlds, LHS terms
exist at that world and RHS terms don’t exist there; LHS formulas are true at
that world and rRHS formulas are false there.

» The result is a genuine model.
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From Soundness and Completeness to Cut Admissibility

» By SOUNDNESS: if A is a derivable hypersequent, it is valid in every
model—it has no counterexample.

» So, by cOMPLETNESS, if A is underivable without cut, then it would have a
counterexample. Since it doesn’t have a counterexample, A is derivable
without cut.

> So, Cut is at least an admissible rule: if A is derivable with Cut, then A is
also derivable without Cut.
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THE UPSHOT (?)



UPSHOT #1

MEASURED CLAIM

You can understand QML
by getting into this practice.
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UPSHOT #1

MEASURED CLAIM

You can understand QML
by getting into this practice.

There is no need to appeal to
a world-transcending domain
of non-existent objects
to do modal semantics.
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UPSHOT #1

The logical structure of
quantified modal discourse
can be accounted for
in terms of the norms
governing that discourse.
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UPSHOT #2

MORE EXTREME CLAIM
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UPSHOT #2

MORE EXTREME CLAIM

There is nothing more to QML
(modal reality, mere possibilia)
than what arises out of
our following rules like these.

Modal reality is grounded in our practice.
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UPSHOT #3

WORRYING THOUGHT

Why not also admit these quantifiers?
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UPSHOT #3

WORRYING THOUGHT

Why not also admit these quantifiers?

D;A(t),XEY;U | A . D;XFAMKX),Y;U | A .
(TTL) (ITR)*
D;TIxA(x),XFY;U | A D;XEFTIxA(x),Y;U | A

DX A YU A D:XFA(t),Y;U | A
L*

(2L) (XR)
D;X,2xAx) FY;U | A D;XFXxA(x),Y;U | A

(These don’t have the definedness conditions on terms.)
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These are well behaved

They’re uniquely defining,
and conservative.

(The cut admissibility argument still works.)
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The Barcan Derivations are Back

Fx F Fx Fx - Fx
()9 (OR)
OFxF | FFx Fxb | F OFx
(TTL) (ZR)
MxOFx = | FFx Fx = | FXIxOFx
(TTR) (ZLy*
MxOFx = | = TIxFx SxFx = | F 3IxOFx
(4R) (OL)
TTxOFx = OTTxFx OXxFx F XxOFx

(In models, these quantifiers range over the ‘outer domain.’)
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Does this make any sense?

[ Ix d(x), dly)

D Ixd(x); vy
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Does this make any sense?

[ Zxd(x), dly) = Ixd(x) ;5 y]

This depends on what’s involved in ruling y out.
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Constraints on defining rules

The rules (TTL) (TTR)* (XL)* (XR)
satisfy the usual harmony constraints.
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Constraints on defining rules

The rules (TTL) (TTR)* (XL)* (XR)
satisfy the usual harmony constraints.

Concerns about these rules
must come on other grounds.
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Constraints on defining rules

The rules (TTL) (TTR)* (XL)* (XR)
satisfy the usual harmony constraints.

Concerns about these rules
must come on other grounds.

What can this tell us about
logicality and defining rules?
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THANK YOU!
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@consequently on Twitter
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