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a b s t r a c t

The two-dimensionalmodal logic of Davies andHumberstone (1980) [3] is an important aid
to our understanding the relationship between actuality, necessity and a priori knowability.
I show how a cut-free hypersequent calculus for 2D modal logic not only captures the
logic precisely, but may be used to address issues in the epistemology and metaphysics
of our modal concepts. I will explain how the use of our concepts motivates the inference
rules of the sequent calculus, and then show that the completeness of the calculus for
Davies–Humberstone models explains why those concepts have the structure described
by those models. The result is yet another application of the completeness theorem.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

The ‘two-dimensional modal logic’ of Davies and Humberstone [3] is an important aid to our understanding the
relationship between actuality, necessity and a priori knowability. It is widely used in philosophical discussions of these
notions, but it is by no means uncontroversial [2,4,5,7,13]. Models for the logic are well understood. It is a standard modal
logic, but instead of evaluating statements at worlds, we double index, and evaluate at pairs of worlds. A holds at hw, vi
iff from the perspective of w as the actual world, A would have held had v obtained. Then ⇤A holds at hw, vi if A holds at
hw, v0i for each different world v0 (A is necessary if it holds at every alternative world), @A holds at hw, vi iff A holds at
hw, wi (A is actually the case if it holds back at the actual world), and APKA holds at hw, vi iff A holds at hw0, w0i for each
worldw0 (if A holds in every circumstance considered as actual, it holds, however things could actually be). In these models,
we can consider another world as a subjunctive alternative (had things gone differently, that would have been the case) or
as an indicative alternative (we might be wrong and that might actually be the case). ⇤ is the modal logic corresponding to
subjunctive alternatives and APK is the modal logic corresponding to indicative alternatives.

The two notions of necessity fall apart rather radically, as you can see with the presence of the actuality operator @. In
any model, p ⌘ @p is true at each pair hw, wi. Suppose p is true at hw, wi, but that p is false at a subjunctive alternative
hw, vi. Now, at hw, vi, @p is still true (since p holds at hw, wi) so at hw, vi, p ⌘ @p is false. It follows that it is not necessary
(in the sense of ⇤) back at hw, wi. ⇤(p ⌘ @p) fails at hw, wi.

However, there is another sense in which p ⌘ @p is ‘necessary’—we need not know anything about the nature of the
world (in particular, we need not know anything about the truth or falsity of p) to know that p ⌘ @p is, in fact, true. At
whateverworldw we choose to evaluate p ⌘ @p, we have p ⌘ @p true at hw, wi. In this sense (at any indicative alternative),
p ⌘ @p is true. It is knowable a priori. APK (p ⌘ @p) is a theorem of two-dimensional modal logic, while ⇤(p ⌘ @p) is not.

E-mail address: restall@unimelb.edu.au.
URL: http://consequently.org/.

0168-0072/$ – see front matter© 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.apal.2011.12.012



Normative Pragmatics and Proof Theory

Assertion, Denial, Supposition

X,A, B ⊢ Y
==========
X,A ∧ B ⊢ Y

⊢ A | X ⊢ Y | ∆
==============
X ⊢ □A, Y | ∆
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How (∀x), (∃x), □ & ♢ interact
is another question entirely.
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Today I’ll show you how.
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introduction



Ruth Barcan and the Barcan Formula

Portrait by Renee Jorgensen Bolinger
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It's very easy to prove the Barcan Formula

Just add (∀L), (∀R), (□L) & (□R) and stir.
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BarcanDerivations

Fa ⊢ Fa
(□L)

□Fa ⊢ | ⊢ Fa
(∀L)

∀x□Fx ⊢ | ⊢ Fa
(∀R)∗

∀x□Fx ⊢ | ⊢ ∀xFx
(□R)

∀x□Fx ⊢ □∀xFx

Fa ⊢ Fa
(♢R)

Fa ⊢ | ⊢ ♢Fa
(∃R)

Fa ⊢ | ⊢ ∃x♢Fx
(∃L)∗

∃xFx ⊢ | ⊢ ∃x♢Fx
(♢L)

♢∃xFx ⊢ ∃x♢Fx
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Some people even believe this!
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Ed Zalta & Bernard Linsky



Tim Williamson



Max Cresswell



But surely there’s some space
for contingent existence.
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Where?
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Models for qml with
contingent existence

invoke free logic
for the quantifiers.

Let’s start there.
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free logic



Beingdefined

1
0

is not defined.

limx→∞f(x) is defined
when f is monotone and bounded.
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S OLOMON FEFERMAN * 

DEFINEDNESS 

ABSTRACT. Questions of definedness are ubiquitous in mathematics. Informally, these 
involve reasoning about expressions which may or may not have a value. This paper 
surveys work on logics in which such reasoning can be carried out directly, especially in 
computational contexts. It begins with a general logic of "partial terms", continues with 
partial combinatory and lambda calculi, and concludes with an expressively rich theory of 
partial functions and polymorphic types, where termination of functional programs can be 
established in a natural way. 

1. WHY LOGICS OF DEFINEDNESS? 

Questions of definedness are ubiquitous in mathematics; they are to be 
distinguished from the equally ubiquitous questions of existence. I do not 
mean by the latter, (external) metaphysical questions about the nature and 
existence of mathematical objects, but rather (internal) mathematical ques- 
tions such as whether there exist infinitely many twin primes or whether 
there exist any zeros of the Riemann zeta function in the critical strip off the 
line x = 1/2. Questions of definedness, on the other hand, have to do with 
whether some mathematical expression has a value, or "exists", according 
to some explanation of how it is to be evaluated, if at all. Answers to 
such questions require a definite semantic context. In algebra, for exam- 
ple, the definedness of v /~  - 4ac is sensitive to whether we are working 
in integers, rationals, reals or complex numbers. Much of the conceptual 
progress in mathematics can be laid to wrestling with awkward problems 
of undefinedness or ambiguity of definedness in some number system or 
space. 

Questions of definedness are particularly ubiquitous in analysis: in daily 
practice one deals regularly with expressions such as 

OC'  (DO O 0  . 

liman, E a ~ , E a ~ x  ~, E a ~  ~ ,  
n ---+ (:X) 

n=O n=O n = -  oz 

ja b 
l im  f (x ) ,  f ' (x ) ,  f(x)dx 

Erkenntnis 43: 295-320, 1995. 
© 1996 Kluwer Academic Publishers. Printed in the Netherlands. 

Erkenntnis 43: 295–320, 1995.
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t is defined

t↓
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AModelM

▶ A non-empty domain D.

▶ A predicate F is interpreted as a subset FM of Dn (as
usual).

▶ A function symbol f is interpreted as a partial function
fM Dn ⇀ D (not as usual).

▶ (For Feferman, zero-place function
symbols—constants—are always defined.)
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Interpretations

Given an assignment α of values to variables

▶ [[x]]M,α = α(x)

▶ [[ft1 · · · tn]]M,α ≃ fM([[t1]]M,α, . . . , [[tn]]M,α)
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BeingDefined in aModel

[[t]]M,α↓ iff [[t]]M,α takes a value.
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Satisfaction

▶ M ⊨α t↓ iff [[t]]M,α↓
▶ M ⊨α s = t iff [[s]]M,α↓, [[t]]M,α↓ and [[s]]M,α = [[t]]M,α

▶ M ⊨α Ft1 · · · tn iff for each i, [[ti]]M,α↓ and
⟨[[tn]]M,α, . . . , [[tn]]M,α⟩ ∈ FM

▶ … and compound formulas are treated as usual.
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That's all very straightforward

The important thing (for me)
is that it has a natural proof theory.
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Definedness Sequents

D; X ⊢ Y; U

model theoretic reading:

There is no model where
each element of D is defined

each element of X is true
each element of Y is false

and each element of U is undefined.

Greg Restall http://consequently.org/presentation/2015/cemd-anu/ 30 of 1

http://consequently.org/presentation/2015/cemd-anu/


Definedness Sequents

D; X ⊢ Y; U

direct reading:

You can’t rule D and X in
while ruling Y and U out.

(Where ruling a formula in/out is asserting/denying it,
and ruling a term in/out is taking it to refer/fail to refer.)

Greg Restall http://consequently.org/presentation/2015/cemd-anu/ 31 of 1

http://consequently.org/presentation/2015/cemd-anu/


Definedness Sequents

D; X ⊢ Y; U

direct reading:

You can’t rule D and X in
while ruling Y and U out.

(Where ruling a formula in/out is asserting/denying it,
and ruling a term in/out is admitting it/banishing it.)

Greg Restall http://consequently.org/presentation/2015/cemd-anu/ 31 of 1

http://consequently.org/presentation/2015/cemd-anu/


Structural Rules for Definednesss

t,D; X ⊢ Y; U, t t-Id

D; X ⊢ Y; U, x x-Id

D; X ⊢ Y; U, t t, D; X ⊢ Y; U
(t-Cut)

D; X ⊢ Y; U

t, t, D; X ⊢ Y; U
(t-WL)

t,D; X ⊢ Y; U

D; X ⊢ Y; U, t, t
(t-WR)

D; X ⊢ Y; U, t
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Variables are always defined

D; Γ ⊢ ∆;U, x

Let x be a number …

Is x defined?

Of course it is.
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Rules for Predicates and Functions

ti, D; Γ ⊢ ∆; U
(fL)

ft1 · · · tn, D; Γ ⊢ ∆; U

ti, D; Γ ⊢ ∆; U
(FL)

D; F(t1, . . . , tn), Γ ⊢ ∆; U
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Rules for ↓

t,D; Γ ⊢ ∆; U
(↓L)

D; t↓, Γ ⊢ ∆; U

D; Γ ⊢ ∆; U, t
(↓R)

D; Γ ⊢ ∆, t↓; U
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Quantifier Rules

D; X ⊢ Y; U, t D; A(t), X ⊢ Y; U
(∀L)

D;∀xA(x), X ⊢ Y; U

D; X ⊢ A(y), Y; U
(∀R)∗

D; X ⊢ ∀xA(x), Y; U
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Sample Derivations

(∀x)(Gx ⊃ Hx), Fx ⊢ Hx ; x

Fx ⊃ Gx, Fx ⊢ Hx ; x

Fx ⊢ Fx

Gx ⊢ Gx Hx ⊢ Hx
(⊃L)

Gx, Gx ⊃ Hx ⊢ Hx
(⊃L)

Fx ⊃ Gx, Gx ⊃ Hx, Fx ⊢ Hx
(∀L)

Fx ⊃ Gx, (∀x)(Gx ⊃ Hx), Fx ⊢ Hx
(∀L)

(∀x)(Fx ⊃ Gx), (∀x)(Gx ⊃ Hx), Fx ⊢ Hx
(⊃R)

(∀x)(Fx ⊃ Gx), (∀x)(Gx ⊃ Hx) ⊢ Fx ⊃ Hx
(∀R)∗

(∀x)(Fx ⊃ Gx), (∀x)(Gx ⊃ Hx) ⊢ (∀x)(Fx ⊃ Hx)
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Sample Derivations

⊢ ; x
(↓R)⊢ x↓

(∀R)∗⊢ ∀x x↓
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Sample Derivations

s; ⊢ ; s
(fL)

f(s, t); ⊢ ; s
(↓L)

f(s, t)↓ ⊢ ; s
(↓R)

f(s, t)↓ ⊢ s↓
t; ⊢ ; t

(fL)
f(s, t); ⊢ ; t

(↓L)
f(s, t)↓ ⊢ ; t

(↓R)
f(s, t)↓ ⊢ t↓

(∧R)
f(s, t)↓ ⊢ s↓ ∧ t↓
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Sample Derivations

t; ⊢ A(t); t t; A(t) ⊢ A(t)
(∀L)

t;∀xA(x) ⊢ A(t)
(↓L)∀xA(x), t↓ ⊢ A(t)
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modal logic



Hypersequents

X ⊢ Y | X ′ ⊢ Y ′

You can’t assert X and deny Y in one context
and assert X ′ and deny Y ′ in an an alternative context.
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□p ⊢ | ⊢ p
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Hypersequents for□ and♢

X ′ ⊢ Y ′ | X,A ⊢ Y | ∆
(□L)

X ′, □A ⊢ Y ′ | X ⊢ Y | ∆

⊢ A | X ⊢ Y | ∆
(□R)

X ⊢ □A, Y | ∆

A ⊢ | X ⊢ Y | ∆
(♢L)

X, ♢A ⊢ Y | ∆

X ′ ⊢ Y ′ | X ⊢ A, Y | ∆
(♢R)

X ′ ⊢ ♢A, Y ′ | X ⊢ Y | ∆
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Sample Derivations

p ⊢ p
(□L)

□p ⊢ | ⊢ p
(∧L)

□p ∧ □q ⊢ | ⊢ p

q ⊢ q
(□L)

□q ⊢ | ⊢ q
(∧L)

□p ∧ □q ⊢ | ⊢ q
(∧R)

□p ∧ □q ⊢ | ⊢ p ∧ q
(□R)

□p ∧ □q ⊢ □(p ∧ q)

⊢ | ⊢ | p ⊢ p
(□L)

□p ⊢ | ⊢ | ⊢ p
(□R)

□p ⊢ | ⊢ □p
(□R)

□p ⊢ □□p

p ⊢ p | ⊢
(♢R)

p ⊢ | ⊢ ♢p
(□R)

p ⊢ □♢p
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This can be naturally extended …

… to other normal modal logics,

to the logic of actuality,

to 2d modal logic,

and beyond.

But here, s5 and simple hypersequents suffice.
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freemodal logic



Let’s put them together!
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That seems like a good idea …

Greg Restall http://consequently.org/presentation/2015/cemd-anu/ 49 of 1

http://consequently.org/presentation/2015/cemd-anu/


… except for the fact that it is no help at all.

(x-Id)⊢ ; x | ⊢ Fx

Fx ⊢ Fx
(□L)□Fx ⊢ | ⊢ Fx
(∀L)∀x□Fx ⊢ | ⊢ Fx

(∀R)∗∀x□Fx ⊢ | ⊢ ∀xFx
(□R)∀x□Fx ⊢ □∀xFx
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Variables?

Is it incoherent to deny that x exists?

Not at all: it makes perfect sense,
counterfactually.

This is the heart of commitment to contingent existence.
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Revised Rules

D; X ⊢ Y; U, x | ∆ x-Id

D;X ⊢ Y;U, t | ∆ D;A(t), X ⊢ Y;U | ∆
(∀L)

D;∀x A(x), X ⊢ Y;U | ∆

y,D; X ⊢ A(y), Y; U | ∆
(∀R)∗

D; X ⊢ ∀xA(x), Y; U | ∆
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Necessarily, everything exists

⊢ | x; ⊢ ; x
(↓R)

⊢ | x; ⊢ x↓
(∀R)∗

⊢ | ⊢ ∀x x↓
(□R)

⊢ □∀x x↓
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Now the Barcan Formulas are Underivable

∀x□Fx ⊢? □∀x Fx

The limit of the derivation search is what we can use for a model.
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Now the Barcan Formulas are Underivable

· · ·

The limit of the derivation search is what we can use for a model.
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Now the Barcan Formulas are Underivable

[x ; Fx : Fy ; y] | [x, y ; Fx : Fy ; ]

The limit of the derivation search is what we can use for a model.

Greg Restall http://consequently.org/presentation/2015/cemd-anu/ 54 of 1

http://consequently.org/presentation/2015/cemd-anu/


Now the Barcan Formulas are Underivable

[x ; Fx : Fy ; y] | [x, y ; Fx : Fy ; ]

The limit of the derivation search is what we can use for a model.

Greg Restall http://consequently.org/presentation/2015/cemd-anu/ 54 of 1

http://consequently.org/presentation/2015/cemd-anu/


theorems



Models

▶ Worlds, and a (possibly empty!) domain at each world.

▶ Predicates at each world interpreted as a subset of the domain at that world.

▶ Function symbols interpreted as partial functions on world domains at worlds.

Given assignments of values to variables

▶ A term is defined if it takes a value in the domain at the world.

▶ ↓ (at a world) expresses being defined (at that world).

And the truth conditions are straightforward:

▶ ∀xA(x) is true at a world iff A(x) is true of every object in the domain of that
world.

▶ □A is true at a world if A is true at every world.
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Soundness

Each derivable sequent holds in every model.

(Straightforward proof by induction on derivations.)
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Completeness

Every underivable sequent fails in some model.

(Actually, every sequent underivable in the system without cut fails in some model.)
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Completeness (cont.)

Convert each connective rule to an equivalent one
where the premise(s) contain(s) the conclusion:

D ′;X ′ ⊢ Y ′; U ′ | D; X,A ⊢ Y;U | ∆
(□L)

D ′;X ′, □A ⊢ Y ′;U ′ | D; X ⊢ Y;U | ∆

⊢ A | D;X ⊢ Y; U | ∆
(□R)

D; X ⊢ □A, Y;U | ∆

become

D ′; X ′, □A ⊢ Y ′; U ′ | D;X,A ⊢ Y;U | ∆
(□L ′)

D ′;X ′,□A ⊢ Y ′;U ′ | D; X ⊢ Y; U | ∆

⊢ A | X ⊢ □A, Y | ∆
(□R ′)

X ⊢ □A, Y | ∆
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Completeness (cont.)

D; X ⊢ Y; U, t | ∆ D; A(t), X ⊢ Y; U | ∆
(∀L)

D;∀x A(x), X ⊢ Y;U | ∆

becomes

D;∀xA(x), X ⊢ Y;U, t | ∆ D;A(t), ∀xA(x), X ⊢ Y;U | ∆
(∀L ′)

D; ∀xA(x), X ⊢ Y; U | ∆
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Completeness (cont.)

D,y; X ⊢ A(y), Y; U | ∆
(∀R)∗

D; X ⊢ ∀xA(x), Y; U | ∆

becomes

D,y; X ⊢ A(y), ∀xA(x), Y; U | ∆
(∀R ′)∗

D;X ⊢ ∀x A(x), Y; U | ∆
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Completeness (cont.)

▶ Any underivable hypersequent can be filled out with a backwards
derivation search.

▶ The limit of such a search gives us a model: zones are worlds, lhs terms
exist at that world and rhs terms don’t exist there; lhs formulas are true at
that world and rhs formulas are false there.

▶ The result is a genuine model.
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From Soundness and Completeness to Cut Admissibility

▶ By soundness: if ∆ is a derivable hypersequent, it is valid in every
model—it has no counterexample.

▶ So, by completness, if ∆ is underivable without cut, then it would have a
counterexample. Since it doesn’t have a counterexample, ∆ is derivable
without cut.

▶ So, Cut is at least an admissible rule: if ∆ is derivable with Cut, then ∆ is
also derivable without Cut.
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the upshot (?)



upshot #1

measured claim
You can understand qml

by getting into this practice.

There is no need to appeal to
a world-transcending domain

of non-existent objects
to do modal semantics.
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upshot #1

The logical structure of
quantified modal discourse

can be accounted for
in terms of the norms

governing that discourse.
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upshot #2

more extreme claim

There is nothing more to qml
(modal reality, mere possibilia)

than what arises out of
our following rules like these.

Modal reality is grounded in our practice.
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upshot #3

worrying thought
Why not also admit these quantifiers?

D; A(t), X ⊢ Y;U | ∆
(ΠL)

D;ΠxA(x), X ⊢ Y; U | ∆

D; X ⊢ A(x), Y; U | ∆
(ΠR)∗

D; X ⊢ ΠxA(x), Y; U | ∆

D; X,A(x) ⊢ Y; U | ∆
(ΣL)∗

D;X,Σx A(x) ⊢ Y; U | ∆

D; X ⊢ A(t), Y; U | ∆
(ΣR)

D; X ⊢ ΣxA(x), Y; U | ∆

(These don’t have the definedness conditions on terms.)
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These arewell behaved

They’re uniquely defining,
and conservative.

(The cut admissibility argument still works.)
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The BarcanDerivations are Back

Fx ⊢ Fx
(□L)

□Fx ⊢ | ⊢ Fx
(ΠL)

Πx□Fx ⊢ | ⊢ Fx
(ΠR)

Πx□Fx ⊢ | ⊢ ΠxFx
(□R)

Πx□Fx ⊢ □ΠxFx

Fx ⊢ Fx
(♢R)

Fx ⊢ | ⊢ ♢Fx
(ΣR)

Fx ⊢ | ⊢ Σx♢Fx
(ΣL)∗

ΣxFx ⊢ | ⊢ ∃x♢Fx
(♢L)

♢ΣxFx ⊢ Σx♢Fx

(In models, these quantifiers range over the ‘outer domain.’)

Greg Restall http://consequently.org/presentation/2015/cemd-anu/ 70 of 1

http://consequently.org/presentation/2015/cemd-anu/


Does thismake any sense?

[ ; Σxϕ(x), ϕ(y) : ∃xϕ(x) ; y ]

This depends on what’s involved in ruling y out.
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Constraints on defining rules

The rules (ΠL) (ΠR)∗ (ΣL)∗ (ΣR)

satisfy the usual harmony constraints.

Concerns about these rules
must come on other grounds.

What can this tell us about
logicality and defining rules?
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thank you!
http://consequently.org/presentation/2015/cemd-aal/

@consequently on Twitter
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