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Recall unilateral natural deduction
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-
Example Proof

p—=(g—=7r) [p E p—q [
g - q

|1
p—r

(p—=q) = (—r)
p=(g—=r)=((p=>q9—>(m—>r)

—12

—13
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=
Annotated with terms

[z:p—=(¢g—=1)] [2:7] ly:p—q [z:p]

(zz) i q—r ” (yz) - q o

—E

— 7
p—rT

)
) "
)
)

p=g =) .
(

p—=(g=r)=((p—=>q9—m—r)
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=
Term Rules

[z A]

M: B M:A—-B N:A
—I® —E

z: A M A — B (MN):B
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Term Rules
[z A]
M: B M:A—-B N:A
—I® —E
z: A M A — B (MN):B

You can think of these terms as representing
processes of justification or of construction.

(Qustify A — B by taking A as given, and using this to justify B.

You can use a such ajustification of A — B by applying it
to ajustification of A to produce ajustification of B.)
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=
Normalisation is evaluation of X terms

[z A]

M: B . — N : A
— 1% ' .

M A — B N: A
(AeM N) : B

—E Mz« N]:B
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-
There are different ways to evaluate A terms

* CALLBY VALUE: (AzM N) ~» M [z < N]onlywhen N has been evaluated.

- (AXtermisavalueifitisavariable, ora constant, or a term of the form Az /)
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There are different ways to evaluate A terms

* CALLBY VALUE: (AzM N) ~» M [z < N]onlywhen N has been evaluated.

- (AXtermisavalueifitisavariable, ora constant, or a term of the form Az /)

* Inthe cALL BY NAME discipline, we may evaluate a A expression before
evaluatingits input.
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There are different ways to evaluate A terms

* CALLBY VALUE: (AzM N) ~» M [z < N]onlywhen N has been evaluated.

- (AXtermisavalueifitisavariable, ora constant, ora term of the form Az M)

* Inthe cALL BY NAME discipline, we may evaluate a A expression before
evaluatingits input.

- Inthe simply typed lambda calculus, these different disciplines are different
procedures for evaluating the same normal forms, as evaluation is confluent and
terminating.
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-
There are different ways to evaluate A terms

* CALLBY VALUE: (AzM N) ~» M [z < N]onlywhen N has been evaluated.

- (AXtermisavalueifitisavariable, ora constant, ora term of the form Az M)
* Inthe cALL BY NAME discipline, we may evaluate a A expression before
evaluatingits input.

- Inthe simply typed lambda calculus, these different disciplines are different
procedures for evaluating the same normal forms, as evaluation is confluent and
terminating.

I' In other contexts, as we will see, these disciplines can give different results.

e.g. toevaluate (A\z(Ayy) D) by cBv where D diverges, then the result diverges.
However, a cBN evaluation path terminates: (Az(Ayy) D) ~ (Ayy).
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=
Can we extend this to a bilateral context?

* ltturns out that we can, in a few different ways.
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=
Can we extend this to a bilateral context?

* ltturns out that we can, in a few different ways.
We'll look at two different flavours:

1. Amildly bilateralist Ay calculus due Michel Parigot (1992).
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Can we extend this to a bilateral context?

* ltturns out that we can, in a few different ways.
We'll look at two different flavours:

1. Amildly bilateralist Ay calculus due Michel Parigot (1992).

2. Athoroughly bilateralist A1/t calculus due to Pierre-Louis Curien and
Hugo Herbelin (2000).
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-
Goingslightly bilateral

The key bilateralistideais thatfor A, B> C, D
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-
Goingslightly bilateral

The key bilateralistidea is that for A, B > , D
if C'is the conclusion of your proof, then D is
part of the context, with opposite polarity to A and B.
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-
Goingslightly bilateral

The key bilateralistidea is that for A, B > , D
if C'is the conclusion of your proof, then D is
part of the context, with opposite polarity to A and B.

Given A and B, C follows, unless D.
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-
Goingslightly bilateral

The key bilateralistidea is that for A, B > , D
if C'is the conclusion of your proof, then D is
part of the context, with opposite polarity to A and B.

Given A and B, C follows, unless D.

Granting A and B, and setting D aside, we have C.
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-
Goingslightly bilateral

The key bilateralistidea is that for A, B > , D
if C'is the conclusion of your proof, then D is
part of the context, with opposite polarity to A and B.

Given A and B, C follows, unless D.

Granting A and B, and setting D aside, we have C.

We can use this idea to make a purely structural addition
to natural deduction, keeping our operational rules unchanged.
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=
Coordination Rules
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=
Coordination Rules

[T

I II
i,

R J/Z

X>[4]y X>| Ay
x> JA v X>[Aly
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=
Coordination Rules

AT

I II
i,

_— J/Z

X>[Aly xX>-[ ]ay
X»I:'A,Y X»,Y
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=
Coordination Rules

[’

il I
i

Ly

X>[Aly xX>-[ ]ay
x> JA v X>[Aly

Here, negative polarity formulas occur only as assumptions.
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An example proof
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-
An example proof

P—a (p—q) = p>[pp

(p—q —=p) —p
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-
An example proof

P—a (p—q) = p>[p]

(p—q —=p) —p
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-
An example proof

ﬂ )
—1
q 1
[(p = q) = )’ p—>QjE s[((p=q) = p) —p
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-
Adding terms

[wa]

M B B M- A B N':A_>
z: A XM :A— B (MN):B

E

Terms
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-
Adding terms
[z A]

M B M-ASB N A

T

——— —I
¢ A MNM-ASB (MN) : B

E

Terms
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-
Adding terms, labels

[@M

T

—
¢ A MNM-ASB (MN) : B

M- B M-A—>B N-A
—E

M':A o A
(Mla) - 4

T

Terms Labels
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-
Adding terms, labels and packages

[@M

T

—
¢ A MNM-ASB (MN) : B

M- B M-A—>B N-A
—E

M':A o A
(Mla) - 4

T

Terms Labels Packages
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-
Adding terms, labels and packages

[wa]

M- B M-ASB N A_

T

¢ A MNM-ASB (MN) : B

[« A]

M:A 04:74'T P
(M|a) : 4 paP A

[e3

Terms Labels Packages
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The Grammar

VARIABLES r = IYz...
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The Grammar

VARIABLES r = IYz...

TERMS M,N = x| zM | (MN)
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The Grammar
VARIABLES X = Yz, ...

TERMS M,N = x| zM | (MN)

LABELS a = of...
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The Grammar

VARIABLES

TERMS

LABELS

PACKAGES

z
M,N
o

P
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Y, 2.
x| AxM | (MN)
a, B, ...
(M]a)
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TERMS
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z
M,N
o
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LY, 2.
z|AxM | (MN) | paP

a, B, ...
(M]a)
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The Grammar

VARIABLES ro= LY 2.
TERMS M,N = x| XzM | (MN) | paP
LABELS a = of...

PACKAGES P = (M|

These can be given a dialogical interpretation as assumptions, justifications,
setting aside and reaching a dead end.
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The Grammar

VARIABLES T o= LY.
TERMS M,N = x| XzM | (MN) | paP
LABELS a = of...

PACKAGES P = (M|

These can be given a dialogical interpretation as assumptions, justifications,
setting aside and reaching a dead end.

They also have a computational interpretation as data, constructions,
continuations and processes.
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A term annotated proof

ly:p] o p]
(yle) :ﬁw
1B yle) g »
[:(p—=q) —p AyuBlyla) p— 7
(zAyuBlyla)) : p o : p]T

(A ypup(yla))|a) - 4
pa((zAypp(yla))la) - p
Azpal(zAypblyla))[a) - ((p = q) = p) = p

1@
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Negation

Given f, it makes sense to use it to define negation:

—Ais A — f,where f is the formula representative of the empty conclusion.

. Mg
Py M
el anl
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Negation

Given f, it makes sense to use it to define negation:

—Ais A — f,where f is the formula representative of the empty conclusion.

P.ﬁﬂ _M:fE
uPf (g
[z A] [o: =]
(wla) - f
wala) 17

1z

v (A=) = f Aeplela) :A—>f:
(auizla)) ]
(haniala)) - §
pa((yAzp(z|a))) - A

E
fE
1o
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Negation

Given f, it makes sense to use it to define negation:

—Ais A — f,where f is the formula representative of the empty conclusion.

[z : A]
P:ﬁfl ﬂE M:-A N:AﬂE Pﬁ =
uP :f (M) - 4 (MN)) : ¢ AzpP : —A
[z A] [ )
(z|a) - 8
plala) 5"

1z

v (A=) = f Aeplela) :A—>f:
(auizla)) ]
(haniala)) - §
pa((yAzp(z|a))) - A

E
fE
1o
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Negation

Given f, it makes sense to use it to define negation:

—Ais A — f,where f is the formula representative of the empty conclusion.

[z : 4]
Pl _M:S M:-A _N-A__ Py,
b f (M) -4 (MN)) - 4 AopP=A
[z : A] [a s ] .

(x|a> - fI [z:A] [o: )
daa " ot
y:(A—=f)—=f zulzla) A= f . y:——A Azp(z|a) : —A .

(yAzplz|a) : f e (yAzp(z|o))) - & Lo

(yAzplz]a))) - 4 pol(yAzp(z|a))) - A

pal(yropalan) A Y
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Another proof

[z: Al  [a: ]
4

@)t
z:mA— B  JAzplz|la):-A
v =B (Aeulela) B ”
(el &
pal(yGAaptale))) 4~
Ayna((y(z Aepulala))) - —B — A
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=
Reductions

(AzMN) ~ Mz« N] [z:4]

M- -ASB . N-A
(\zMN) - B

—E Mz« N]: B
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=
Reductions

(AsMN) ~ Mz« N] :

(naP|B) ~ Pla« g L. :

(uP) ~ P pb - f Py
(uP) - §
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Reductions

(MM N) ~» Mz« N]

(4aP|B) =~ Placf]
(uWPy ~ P

(naP N) ~» 777
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-
Eliminating a retrieved formula

(paP N) ~» 777

[a : A—=rP]
Pt
,uaP:A—)BL N:A
SE
(paP N) : B
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-
Eliminating a retrieved formula

(uaP N) ~ 777

*::A—>B o« A=B
(*\CV)fﬂ

T

b

—J’Q .
paP:A— B N:A
—E
(naP N) : B
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-
Eliminating a retrieved formula

*‘:A—>B[a:7‘1—=}—B'] *.:A—>B N.:A_>E
o) f T (+N): B 8 B
f = SR !
Py N : :
waP ASBY N4 P[(x[a) « (+N)|8)] : ¢

(naP N) : B E uBP [{x
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-
Eliminating a retrieved formula

(P N) ~ pBP[{x|a) < ((x N)|5)]

*‘:A—>B[a:7‘1—=}—B'] *.:A—>B N.:A_>E
o) f T (+N): B 8 B
f = SR !
Pt N : :
waP ASBY N4 P[(x[a) « (+N)|8)] : ¢

(naP N) : B E uBP [{x
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-
Eliminating a retrieved formula

TEEE C o v
: - (N f
Py s
paP i —A N:A_\E P[(x|a) « ((*N))] - 4
((naP N)) -
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[ reduction rules

(AzM N) ~ Mz« N
(naP[B) ~ Plo < f]
(uP) ~ P
(naP N) ~ ufP[(x[a) < ((x N)[B)] (o labels a conditional)

<(MCMP N)) ~ P [<*’Oz> «— <(>I< N))] (a labels a negation)

Logical Bilateralism — Session 4
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[ reduction rules

(AzM N) ~ Mz« N
(naP[B) ~ Plo < f]
(uP) ~ P
(naP N) ~ ufP[(x[a) < ((x N)[B)] (o labels a conditional)

<(quP N)) ~ P [<*’Oz> «— <(>I< N))] (a labels a negation)

Theserulesare. . . messy.
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[ reduction rules

(AzM N) ~ Mz« N
(naP[B) ~ Plo < f]
(uP) ~ P
(naP N) ~ ufP[(x[a) < ((x N)[B)] (o labels a conditional)

<(quP N)) ~ P [<*’Oz> «— <(>I< N))] (a labels a negation)

These rules are . . . messy. We can simplify by going symmetric.

Logical Bilateralism — Session 4
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Going thoroughly bilateral

The key bilateralistideais thatfor A, B> C, D
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-
Going thoroughly bilateral

The key bilateralistidea is that for A, B > , D
if C'is the conclusion of your proof, then D is
part of the context, with opposite polarityto Aand B . . .
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-
Going thoroughly bilateral

The key bilateralistidea is that for A, B > , D
if C'is the conclusion of your proof, then D is
part of the context, with opposite polarityto Aand B . . .

Al B> C,D

...and we can also put the focus on A, and now the proof
refutes A in the contextin which B is affirmed
while C', D are denied.

Logical Bilateralism — Session 4
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.,
Going Symmetric

M: A @:q{‘T P
(M|®) : 4 paP A
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.,
Going Symmetric

[a .: 4| [x A

M: A <I>:141’T P:ﬁw Py I
(M|®) : 4 paP A prP . A

Terms Co-terms Packages
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=
Curien and Herbelin's — rules

[x ‘: A]

M B M- A & B
1 —E

M- A B (M-0): A—B

We can recover the original —E rule like this:

_ N4 [a:B
M.:A—>B (N-a): A=

(M|(N-a)) 4
po(M[(N - @)) : B

—E

+

[e3
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The Grammar

VARIABLES = T,Y2z...

z | AzM | pa P

SRS
[

TERMS

a,B,7, ...
al(M-@)|pzP

CO-VARIABLES

Q
|

=
Il

CO-TERMS

v
I

PACKAGES (M| D)
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=
Reduction rules

[z ': A]

M.:B | N.:A <I":-B‘
_)IE
XM :A— B (N-®): A—=FH
(AzM|(N-®)) - ¢

—E

+
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=
Reduction rules

z: A
[55514] [ ] :
' M:B B

: : : @.:
: : : T ——
M:B N N:A ©:F e v (M) - §
AzM : A — B (N-®): A=F : e
T N:A jz(M|®): 4

AxM|(N - ®)) :
(AzM|(N - ®)) : ¢ (N|fiz(M|®)) -
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=
More reduction rules . . .

[a .: ]

P :
/ucozP:Ai DA

(naP|D) -4

T
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=
More reduction rules . . .

[a .: ]

P 5 O A
/ucozP:Ai DA '

(naP|D) -4

0 P[OH—CI)];ﬁ
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=
More reduction rules . . .
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More reduction rules . . .

paP A ) A’T P @]ﬁ
o« P :
(uaP|®)
[ : 4]
: P.]j — M::A
M: A [L:UP:qé"L :
_ r Ploe M)t
(M|pzP) - 4
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More reduction rules . . .

[« ]
Py . oA
/ucozP:Ai ) A’T P @]:ﬁ
o« 9P|
(uaP|®)
[ : 4]
: P:;ﬂ ~ MA
M: A [L:UP:qé"L :
_ r Ploe M)t
(M|pzP) - 4

(All substitution is managed by these rules.)
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-
Continuing the implication reduction

z: A
[z : A] [: ] :
5 [ MB @B
M:B -1 : : —E 77 (M|®) : 4
XM :A— B (N- D) : A=rD : —_— "
0 N:A px(M|®):#

(AzM|(N - ®@)) : 4

(N|pz(M|®)) - ¢
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-
Continuing the implication reduction

o [z : A]
M:B e NA o B e - ?L:é)j:'BT
XzM:A— B (N - ) : A—rp L
T N:A px(M|®):#
(AzM|(N - ®)) - 4
(N|fiz(M|®)) -
N.:A

WM[ZZ,’(—N].:B <I>-B‘
(M [z« N]|®) : 4
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-
Continuing the implication reduction

[z : A]
[z : A] : :

5 [ M:B &: B
M:B -1 : : —E 77 (M|®) : 4
XM :A— B (N- D) : A=rD : —_— "

0 N:A px(M|®):#

AxM|(N - P)) :
(AzM|(N - @)) : ¢ (N|jiz(M|®)) : 4

Ni:A
WM[$<—N].:B <I>-B‘
(M [z« N]|®) : 4

(So, reducing an implication performs the substitution you expect, in two steps.)
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-
Reduction Steps

ALY (AeM|(N-®)) ~ (N|iz(M]|®))
(ul) (naP|®) ~ Pla< 3]
(1)) (M|iP) ~ Plzc M|
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-
Reduction Steps

Al AzM[(N - @) ~ (N|pz(M[D))
{ul) (naP|®) ~ Pla < @]
(1) (M[pzP) ~ Plz«< M]

We have a critical pair. What do we do with (ua P | iz ())?

Itcanreduceto P [ + fiz ()] andto Q [z < paP).
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-
Reduction Steps

Al AzM[(N - @) ~ (N|pz(M[D))
{ul) (naP|®) ~ Pla < @]
(1) (M[pzP) ~ Plz«< M]

We have a critical pair. What do we do with (ua P | iz ())?

Itcanreduceto P [ + fiz ()] andto Q [z < paP).

These are not the same — if P contains no free v and () contains no free z,
they are simply P and () respectively.
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-
As proofs . . .

[ : ] [z : A e .: 4
Pﬁy Q1 e ~Qﬁ“
paP A ,MUQ'A’T ,uxQ':A
(waPlpz@Q) - 4 Pla « pzQ)] ‘? #
[« 7]
P.:ﬁ .
i paP A
Q[g:<—,u,0¢P] ﬁ

If these two proofs are identified, then any two proofs of § are identical!
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S
What todo?

- Curien and Herbelin show that the two natural choices for the critical pair for
(uaP| iz ()) make sense in different ways.
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- Curien and Herbelin show that the two natural choices for the critical pair for
(uaP| iz ()) make sense in different ways.

Processing the pa first, to get P [ < fuz Q)] corresponds to a call by value
discipline.
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Whatto do?

- Curien and Herbelin show that the two natural choices for the critical pair for
(uaP| iz ()) make sense in different ways.

- Processing the pa first, to get P [« < [12:()] corresponds to a call by value
discipline.

- Processing the fic first, to get ) [z < paP] corresponds to a call by name
discipline.
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Whatto do?

- Curien and Herbelin show that the two natural choices for the critical pair for
(uaP| iz ()) make sense in different ways.

- Processing the pa first, to get P [« < [12:()] corresponds to a call by value
discipline.

- Processing the fic first, to get ) [z < paP] corresponds to a call by name
discipline.

- Inthe more general setting of the symmetric calculus (unlike the simply
typed X calculus), these disciplines result in different normal forms.
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-
Simple Types and Dependent Types

- Inasimple type theory, the class of types can be defined independently from
the class of terms. In particular, the types cannot include terms.
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-
Simple Types and Dependent Types

- Inasimple type theory, the class of types can be defined independently from
the class of terms. In particular, the types cannot include terms.

- Ina dependent type theory, this restriction is lifted.

Logical Bilateralism — Session 4



Proof terms A caleulus The symmetric calculus Dependent types?
00000000 000000000000 00000000000 00000000000

-
Simple Types and Dependent Types

- Inasimple type theory, the class of types can be defined independently from
the class of terms. In particular, the types cannot include terms.

- Ina dependent type theory, this restriction is lifted.

- Martin-L6f’s Intuitionistic Type Theory and the Calculus of Constructions are
examples of dependent type theories.
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-
Simple Types and Dependent Types

- Inasimple type theory, the class of types can be defined independently from
the class of terms. In particular, the types cannot include terms.

- Ina dependent type theory, this restriction is lifted.

- Martin-L6f’s Intuitionistic Type Theory and the Calculus of Constructions are
examples of dependent type theories.

- Herbelin (2005) showed that these bilateral systems can lead to collapse
when combined with simple dependent typing systems.
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-
The grammar of our tiny dependently typed language

Formulas: A = t=u|XzA
Types: T = A|N
Number variables: T = LY, %2
Numberterms: t,u = z|0]t | witp
Proofterms: p,q := refl |substpgq | (¢,p) | prip

Proof terms take formulas as types. Number terms take N as their type.
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-
Typing rules

t.:N p:YzA
0:N t': N witp : N
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-
Typing rules

t.:N p:YzA
0:N t': N witp : N

p:Alz < £:N p:YzA
(t,p) : XzA prip : Az < wit p]
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-
Typing rules

t.:N p:YzA
0:N t': N witp : N

p:Alz < £:N p:YzA
(t,p) : XzA prip : Az < wit p]

tam pit=u q:Bll]
refl : ¢t =u subst p q : Blul
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-
If we add X and p, things get interesting ...
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-
If we add X and p, things get interesting ...

1~1 O N
rel:1=1 1:N
(Lyrefl) : Yzz =1 [a:E—ﬁrx———l']

el T !
B (1, refl)a) -
(0, uB{(L,refl)|a)) : Xz z = [ : Sgr—T] A
<(07u5<(17reﬂ)|a>)|a> o
pa((0, pB((1,refl)[a))|e) - Bwz =1
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-
If we add X and p, things get interesting ...

1~~1 0:N
refl : 1 =1 1:N
(Lirefl) : Yzz=1 |o: SZer—F]
((L,refl)]a) : # UB f
pB((1,refl)|a) : 0 =1
(0, uB{((L,refl)|a)) : Yz =1 [ : Sgr—T] A
((0, uB((1, refl) |o)) | ) - 8 o
pa{(0, pB{(1,refl)[a))|a) : Bz z =1

Thisis nota problem, yet.

Let p* be {0, jB{(1, efl) [ ) ).
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-
If we add X and p, things get interesting ...

1~1 O N
rel:1=1 1:N
(Lyrefl) : Yzz =1 [a:%@*—r:-l']

el T !
B (1, refl)a) -
(0, uB{(L,refl)|a)) : Xz z = [ : Sgr—T] A
<(07u5<(17reﬂ)|a>)|a> o
pa((0, pB((1,refl)[a))|e) - Bwz =1

Thisis nota problem, yet.

Let p* be {0, jB((1, refl) [ ) ).
What is wit p'?
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-
If we add X and p, things get interesting ...

1~1 O N
rel:1=1 1:N
(Lyrefl) : Yzz =1 [a:%@*—x———l']

el T !
B (1, refl)a) -
(0, uB{(L,refl)|a)) : Xz z = [ : Sgr—T] A
<(07u5<(17reﬂ)|a>)|a> o
pa((0, pB((1,refl)[a))|e) - Bwz =1

Thisis nota problem, yet.

Let p' be (0, w3((1, refl) [ a)) |a).
What is wit p'? To calculate this we need some reduction rules.
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=
Reduction Rules

wit(t, p) ~ ¢ prf(t,p) ~ p substreflp ~ p
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=
Reduction Rules

wit(t, p) ~ ¢ prf(t,p) ~ p substreflp ~ p

[ : 2] * .: Sz A
: witx : N [ : 2]
Lia ~ (witx|a) : 4 !
pa P Xx A :
wit pae P - N P[(x|a) « (wit *|a)]

T
paP [(x]a) « (witx|a)] : N
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=
Reduction Rules

wit(t, p) ~ ¢ prf(t,p) ~ p substreflp ~ p

[ : 2] *.: Sz A
: witx : N [ : 2]
L 1o ~ (witx|a) : 4 !
pa P Xx A :
wit pae P - N P[(x|a) « (wit *|a)]

| T
paP [(x]a) « (witx|a)] : N

wit ua P~ paP [(x|a) < (wit x|a)]
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-
Using these reductions:

witp! = wit par((0, pB{(1, refl) ) |a)
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Using these reductions:

witp! = wit par((0, pB{(1, refl) ) |a)

~ o pod(wit(0, pB(wit(1, refl) |a)) |a)
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Using these reductions:
witp' = wit pa{(0, uB((1, refl) |a))| o)

~ o pod(wit(0, pB(wit(1, refl) |a)) |a)
v pa(wit(0, pf(1le))|a)
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Using these reductions:

witg) = wit pa{(0, uB{(1, refl) ) o)
~ o pod(wit(0, pB(wit(1, refl) |a)) |a)
v pa(wit(0, pf(1le))|a)

v pa(0]e)
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Using these reductions:

witg) = wit pa{(0, uB{(1, refl) ) o)
~ o pod(wit(0, pB(wit(1, refl) |a)) |a)
v pa(wit(0, pf(1le))|a)

v pa(0]e)
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Using these reductions:

wityh = wit pa{(0, uB{(1, refl) o)) )
~ o pod(wit(0, pB(wit(1, refl) |a)) |a)
v pa(wit(0, pf(1le))|a)
v pa(0]e)
0:N oz:-N‘T
(0fa) tiia vy 00N
pa{0la) : N
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Using these reductions:

wit p' = wit pa((0, uB((1,refl)|a))|a)
0, B (wit(1, refl | a)) )
0, p

~ o pod(wit(
(0, uB (1))

~ o pod(wit

v pa(0]e)

Y

So wit p' ~~ 0.
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Collapse!
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-
Collapse!

wit p' ~~ 0 pYrr=1

refl : witp' =0  prfp' : witp' =1

substreflp' 1 0 =1
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-
Collapse!

wit p' ~~ 0 pYrr=1

refl : witp' =0  prfp' : witp' =1

substreflp' 1 0 =1

Thisseems. . . not good.
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-
Bilateral calculi don’t mix easily with dependent types

- Etienne Miquey (2019) in “A Classical Sequent Calculus with Dependent
Types” shows how to restrict the symmetric calculus in a principled way,
allowing for a rich dependent type theory without collapse.
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Bilateral calculi don’t mix easily with dependent types

- Etienne Miquey (2019) in “A Classical Sequent Calculus with Dependent
Types” shows how to restrict the symmetric calculus in a principled way,
allowing for a rich dependent type theory without collapse.

- Classical logic is found inside intuitionistic logic by way of a double negation
translation, so it should not be a surprise that there is a way to combine a
classical world (of propositions) with a wider context in which the constructive
constraints apply.

Logical Bilateralism — Session 4



Proof terms A calculus The symmetric calculus Dependent types?

00000000 000000000000 00000000000 00000000800
References

- Michel Parigot (1992) “Ap-calculus: an algorithmic interpretation of classical
natural deduction” In Proc. of the International Conference in Logic Programming and
Automated Reasoning, St. Peterburg, LNCS 624, Springer.

- Pierre-Louis Curien and Hugo Herbelin (2000) “The Duality of Computation”,
Proceedings of ICFP 2000 (SIGPLAN Notices 35(9)), ACM.

- Hugo Herbelin (2005) “On the Degeneracy of Y-types in Presence of Computational
Classical Logic” TLCA 2005, LNCS 3461, Springer.

- Etienne Miquey (2019) “A Classical Sequent Calculus with Dependent Types” ACM
Transactions on Programming Languages and Systems, 41(2).

- Greg Restall (2023) “Structural Rules in Natural Deduction with Alternatives”,
Bulletin of the Section of Logic, 52(2).

- Greg Restall (2024) “What can we Mean? On Practices, Norms and Pluralisms,”
Proceedings of the Aristotelian Society (125):1, 23—43.

Logical Bilateralism — Session 4



Proof terms A caleulus The symmetric calculus Dependent types?
00000000 000000000000 00000000000 000000000e0

T
Tomorrow

Current research, future directions
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Any Questions?
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