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MyAim

To show how a category of propositions
and classical proofs can give rise to

finely grained hyperintensional notions
of sameness of content.

One notion is very finely grained
(distinguishing p and p^ p)

others are is less finely grained.

One of these notions amounts to equivalence in
Richard B. Angell’s logic of analytic containment.
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MyMotivation

To apply distinctively
proof theoreticalmethods

to issues in philosophical logic.
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MyPlan

The Category of Classical Proofs

Isomorphisms

More Proofs fromA toA

Matching & Logics of Analytic Containment

Matching as Isomorphism
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the category of
classical proofs



There can be diȞferent ways to prove the same thing

p^ q � p_ q
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Four diȞferent derivations,

two proofs

p � p
^L

p^ q � p
_R

p^ q � p_ q

«

p^ q

p

p_ q

«

p � p
_R

p � p_ q
^L

p^ q � p_ q

q � q
^L

p^ q � q
_R

p^ q � p_ q

«

p^ q

q

p_ q

«

q � q
_R

q � p_ q
^L

p^ q � p_ q
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Motivating Idea

Proof terms are an invariant
for derivations under rule permutation.

δ1 and δ2 have the same term iff
some permutation sends δ1 to δ2.

Greg Restall Isomorphisms in a Category, of Propositions and Proofs ɉ of ɈɃ



Four diȞferent derivations, two proof terms

xñy

x : p � y : p
^L

´̂xñy

x : p^ q � y : p
_R

´̂xñ_́y

x : p^ q � y : p_ q

´̂xñ_́y

xñx

x : p � y : p
_R

xñ_́y

x : p � y : p_ q
^L

´̂xñ_́y

x : p^ q � y : p_ q

xñy

x : q � y : q
^L

`̂xñy

x : p^ q � y : q
_R

`̂xñ_̀y

x : p^ q � y : p_ q

`̂xñ_̀y

xñy

x : q � y : q
_R

xñ_̀y

x : q � y : p_ q
^L

`̂xñ_̀y

x : p^ q � y : p_ q
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Ingredients

λ terms ‚ flow graphs ‚ proof nets
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Slogan

A proof term for Σ � ∆

encodes the flow of information
in a proof of Σ � ∆.
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Proof Terms

as Graphs on Sequents

´̂xñ ´̂ _́y ´̂xñ ´̂ _̀y _́ `̂xñ `̂ _́y _̀ `̂xñ `̂ _̀y

x : p^ pq_ rq � y : pp^ qq _ pp^ rq

p ^ pq _ rq

pp ^ qq _ pp ^ rq
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Proof Terms as Graphs on Sequents
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Finding a Proof Term from aDerivation

p � p q � q
^R

p, q � p ^ q

p � p r � r
^R

p, r � p ^ r
_L

p, q _ r � p ^ q, p ^ r
_R

p, q _ r � pp ^ qq _ pp ^ rq
^L

p ^ pq _ rq � pp ^ qq _ pp ^ rq

p ^ pq _ rq

pp ^ qq _ pp ^ rq
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More FlowGraphs

p Ą q

pq Ą rq Ą pp Ą pq ^ rqq

pp ^␣pq _ q

q _ r

p q _ r

p ^ q r

Links wholly internal to a premise or a conclusion
are called cups (ô) and caps (ñ).
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Proof Term Facts

Not every directed graph on occurrences of atoms in a sequent is a proof term.

§ They typecheck. [An occurrence of p is linked only with an occurrence of p.]

§ They respect polarities. [Positive occurrences of atoms in premises and
negative occurrences of atoms in conclusions are inputs. Negative
occurrences of atoms in premises and positive occurrences of atoms in
conclusions are outputs.]

§ They must satisfy an “enough connections” condition, amounting to a
non-emptiness under every switching. [e.g. the obvious linking between
premise p_ q and conclusion p^ q is not connected enough to be a
proof term.]
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Cut is chaining of proof terms

pp ^ qq _ pp ^ rq

p ^ pq _ rq

pp ^ qq _ pp ^ rq

The cut formula is no longer a premise or a conclusion in the proof term.
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Eliminating Cuts is Local

pp ^ qq _ pp ^ rq

p ^ pq _ rq

pp ^ qq _ pp ^ rq

pp ^ qq _ pp ^ rq

pp ^ qq _ pp ^ rq
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Eliminating Cuts is Local

pp ^ qq _ pp ^ rq

p

^ p

q _ r

q

pp ^ qq _ pp ^ rq

pp ^ qq _ pp ^ rq

pp ^ qq _ pp ^ rq
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Results

§ Cut elimination is conǠluent and terminating.

[So it can be understood as a kind of evaluation.]

§ Cut elimination for proof terms is local.
[So it is easily made parallel.]
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Cuts with Caps and Cups

p ^ pp Ą qq

q ^ pr _␣rq

␣p _ pp ^ qq

p ^ pp Ą qq

q^ pr_␣rq

␣p _ pp ^ qq
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C is the Category of Classical Proofs

objects Formulas —A, B, etc.

arrows Cut-Free Proof Terms— π : A � B.

composition Composition of derivations with the elimination of Cut— If
π : A � B and τ : B � C then τ ˝ π : A � C.

identity Canonical identity proofs — IdpAq : A � A.
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Identity Proofs

p � p
␣L

p,␣p �
␣R

␣p � ␣p

p � p p � p
ĄL

p Ą p, p � p
ĄR

p Ą p � p Ą p
_L

␣p _ pp Ą pq � ␣p, p Ą p
_R

␣p _ pp Ą pq � ␣p _ pp Ą pq

␣p _ pp Ą pq

␣p _ pp Ą pq
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Identity Proofs

In the identity proof fromA toA,
§ A positive occurrence of an atom in the premise linked to its mate in the
conclusion.

§ A negative occurrence of an atom in the premise is linked from its mate in
the conclusion.

§ There are no other links.
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Identity and Composition inC

pp ^␣qq _ pp ^ rq

p ^ p␣q _ rq

p ^ p␣q _ rq

pp ^␣qq _ pp ^ rq

pp ^␣qq _ pp ^ rq

p ^ p␣q _ rq
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The CategoryC…

§ … is symmetric monoidal and star autonomous
§ but not Cartesian,
§ with structuralmonoids and comonoids,
§ and is enriched in SLat (the category of semilattices).

Being enriched in SLatmeans that proofs terms come ordered byĎ, and
compose underY, and these interact sensibly with composition.

π Ď π 1 ñ π ˝ τ Ď π 1 ˝ τ

τ Ď τ 1 ñ π ˝ τ Ď π ˝ τ 1

π ˝ pτY τ 1q “ pπ ˝ τq Y pπ ˝ τ 1q

pπY π 1q ˝ τ “ pπ ˝ τq Y pπ 1 ˝ τq
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C is just classical propositional logic,
in a categorical setting.

(The sequent calculus plays no essential role here.
You can define proof terms on other proof systems,

e.g. natural deduction,Hilbert proofs, tableaux, resolution.)
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isomorphisms



Isomorphisms in Categories

f : A Ñ B is an isomorphism in a category iff
it has an inverse g : B Ñ A, where

g ˝ f “ idA : A Ñ A and f ˝ g “ idB : B Ñ B.

If g and g 1 are both inverses, we have
g “ idA ˝ g “ pg 1 ˝ fq ˝ g “ g 1 ˝ pf ˝ gq “ g 1 ˝ idB “ g 1,

so any inverse is unique. We can call it f´1.
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Why Isomorphisms?

IfA and B are isomorphic in a category C,
then what we can do withA (in C)

we can do with B, too.

IfA and B are isomorphic in C, then
they agree not only on provability,

but also, on proofs.

The distinctions drawn when you analyse how something is proved
(from premises), are not far from what you want to understand

when you ask how something ismade true.
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Isomorphisms inC

p^ q – q^ p

p ^ q

q ^ p

p ^ q
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Isomorphisms inC

p_ q – q_ p

p _ q

q _ p

p _ q
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Isomorphisms inC

p^ pq^ rq – pp^ qq ^ r

p ^ pq ^ rq

pp ^ qq ^ r

p ^ pq ^ rq
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Isomorphisms inC

␣pp^ qq – ␣p_␣q

␣pp ^ qq

␣p _␣q

␣pp ^ qq

␣pp ^ qq

␣p _␣q

␣pp ^ qq
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Isomorphisms inC

␣␣p – p

␣␣p

p

␣␣p
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Isomorphisms inC

␣␣p – p

␣␣p

p

␣␣p
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Isomorphisms inC

␣␣p – p

␣␣p

p

␣␣p

␣␣p

p

␣␣p
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Non-isomorphisms inC

p^ pq_␣qq fl p

p ^ pq _␣qq

p

p ^ pq _␣qq

p ^ pq _␣qq

p

p ^ pq _␣qq
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Non-isomorphisms inC

p^ p fl p

p ^ p

p

p ^ p

p ^ p

p

p ^ p
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Non-isomorphisms inC

p^ p fl p

p ^ p

p

p ^ p

p ^ p

p

p ^ p
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Non-isomorphisms inC

p^ p fl p

p ^ p
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p
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Non-isomorphisms inC

p^ pq_ rq fl pp^ qq _ pp^ rq

pp ^ qq _ pp ^ rq

p ^ pq _ rq

pp ^ qq _ pp ^ rq

pp ^ qq _ pp ^ rq

p ^ pq _ rq

pp ^ qq _ pp ^ rq
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Non-isomorphisms inC

p^ pp_ qq fl p_ pp^ qq

Greg Restall Isomorphisms in a Category, of Propositions and Proofs ɃɈ of ɈɃ



Occurrence Polarity Condition

IfA is isomorphic to B in C
then each variable occurs positively [negatively] inA

exactly as many times as it occurs positively [negatively] in B.

(This condition is necessary, not suǟficient: p^ pp_ qq fl p_ pp^ qq.)

Greg Restall Isomorphisms in a Category, of Propositions and Proofs Ƀɉ of ɈɃ



Occurrence Polarity Condition

IfA is isomorphic to B in C
then each variable occurs positively [negatively] inA

exactly as many times as it occurs positively [negatively] in B.

(This condition is necessary, not suǟficient: p^ pp_ qq fl p_ pp^ qq.)

Greg Restall Isomorphisms in a Category, of Propositions and Proofs Ƀɉ of ɈɃ



Characterising Isomorphisms

A is isomorphic to B

iffA and B are equivalent
in the following calculus:

A^ B Ø B^A, A^ pB^ Cq Ø pA^ Bq ^ C.

A_ B Ø B_A, A_ pB_ Cq Ø pA_ Bq _ C.

␣pA_ Bq Ø ␣A^␣B, ␣pA^ Bq Ø ␣A_␣B.

␣␣A Ø A. A Ø B ñ CpAq Ø CpBq.

This allows for a negation normal form, but not dnf or cnf.
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Proof Sketch (Došen and Petrić, ɂɀɁɂ)

§ IfA Ø B holds in the calculus,A and B are isomorphic.

§ A is isomorphic to B iff there are diversifiedA 1 and B 1 whereA 1 and B 1

are isomorphic, andA “ σA 1 and B “ σB 1 for some substitution σ.

§ A is isomorphic to B iff their negation normal forms are isomorphic. (If
A is diversified, so is its negation normal form.)

§ IfA and B are diversified, isomorphic, and in negation normal form, if
l^m is a conjunction inA (l andm, literals), a substitution argument
(substitutingJ andK for the other atoms) shows that l andmmust be
conjunctively joined in B, too. The same goes for l_m.

§ Replace l^m by a new atom in bothA and B, and repeat.

§ This shows how to reconstruct a proof of equivalence forA and B in the
syntactic calculus for isomorphic formulas.
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This is a very tight constraint

§ IfA and B are isomorphic, they can play essentially the same role in proof.

§ ReplacingA by B in a proof (as a premise or conclusion) not only gives
you something that is also a proof (mere logical equivalence would do
that), but it gives you a proof which is essentially the same.

§ Not evenA andA^A are equivalent in this sense.

§ Yet,A andA^A seem to have identical subject matter (insofar as we
understand that notion).

§ Can we use the fine-grained tools of proof theoretical analysis to
generalise this notion of subject matter to arbitrary statements?
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more proofs
fromA toA



IdpAq,HzpAq,MxpAq

Idpp_ pp^␣pqq

p _ pp ^␣pq

p _ pp ^␣pq

In IdpAq, each occurrence of an atom in the premise
is linked with every its corresponding occurrence of in the conclusion.

Diǟferent occurrences of atoms inA are treated diǟferently.

InHzpAq, each positive [negative] occurrence of an atom in the premise
is linked with every positive [negative] occurrence in the conclusion.
We treat occurrences of an atom inA—with the same polarity—equally.

InMxpAq, each syntactically possible linking is included.
We treat all occurrences of an atom inA equally.

Greg Restall Isomorphisms in a Category, of Propositions and Proofs ɄɄ of ɈɃ



IdpAq,HzpAq,MxpAq

Hzpp_ pp^␣pqq

p _ pp ^␣pq

p _ pp ^␣pq

In IdpAq, each occurrence of an atom in the premise
is linked with every its corresponding occurrence of in the conclusion.

Diǟferent occurrences of atoms inA are treated diǟferently.

InHzpAq, each positive [negative] occurrence of an atom in the premise
is linked with every positive [negative] occurrence in the conclusion.
We treat occurrences of an atom inA—with the same polarity—equally.

InMxpAq, each syntactically possible linking is included.
We treat all occurrences of an atom inA equally.
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IdpAq,HzpAq,MxpAq

Mxpp_ pp^␣pqq

p _ pp ^␣pq

p _ pp ^␣pq

In IdpAq, each occurrence of an atom in the premise
is linked with every its corresponding occurrence of in the conclusion.

Diǟferent occurrences of atoms inA are treated diǟferently.

InHzpAq, each positive [negative] occurrence of an atom in the premise
is linked with every positive [negative] occurrence in the conclusion.
We treat occurrences of an atom inA—with the same polarity—equally.

InMxpAq, each syntactically possible linking is included.
We treat all occurrences of an atom inA equally.
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HzpAq,MxpAq, Caps and Cups

Note: HzpAq isMxpAqwith the
caps and cups removed.

Hzpp_ pp^␣pqq

p _ pp ^␣pq

p _ pp ^␣pq

Mxpp_ pp^␣pqq

p _ pp ^␣pq

p _ pp ^␣pq
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ErasingDistinctions

Let’s look at relations like isomorphism,
but which erase distinctions, up toHz orMx.

Greg Restall Isomorphisms in a Category, of Propositions and Proofs ɄɆ of ɈɃ



Hz-Matching

Let’s say thatA and BHz-match, when
there are proofs π : A � B and π 1 : B � A

where π 1 ˝ π “ HzpAq and π ˝ π 1 “ HzpBq.

Wewrite “«Hz” for theHz-matching relation,
and we write “π, π 1 : A «Hz B” to say that

π : A � B and π 1 : B � A

define aHz-match betweenA and B.
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Mx-Matching

Let’s say thatA and BMx-match, when
there are proofs π : A � B and π 1 : B � A

where τ ˝ π “ MxpAq and π ˝ π 1 “ MxpBq.

Wewrite “«Mx” for theMx-matching relation,
and we write “π, π 1 : A «Mx B” to say that

π : A � B and π 1 : B � A

define aMx-match betweenA and B.
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IsomorphismĎHz-Matching

If π : A � B and π´1 : B � A, then
consider π 1 “ HzpBq ˝ π ˝ HzpAq
and τ 1 “ HzpAq ˝ π´1 ˝ HzpBq.

These satisfy theHz-matching criteria,
τ 1 ˝ π 1 “ HzpAq and π 1 ˝ τ 1 “ HzpBq.
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Proof

HzpAq “ IdpAq ˝ IdpAq ˝ HzpAq
Ď HzpAq ˝ IdpAq ˝ HzpAq

“ HzpAq ˝ pπ´1 ˝ πq ˝ HzpAq

“ HzpAq ˝ pπ´1 ˝ IdpBq ˝ IdpBq ˝ πq ˝ HzpAq

Ď HzpAq ˝ pπ´1 ˝ HzpBq ˝ HzpBq ˝ πq ˝ HzpAq

“ pHzpAq ˝ π´1 ˝ HzpBqq ˝ pHzpBq ˝ π ˝ HzpAqq
“ τ 1 ˝ π 1

Ď HzpAq

…and similarly,HzpBq Ď π 1 ˝ τ 1 Ď HzpBq

Greg Restall Isomorphisms in a Category, of Propositions and Proofs Ʉɉ of ɈɃ



Proof

HzpAq “ IdpAq ˝ IdpAq ˝ HzpAq
Ď HzpAq ˝ IdpAq ˝ HzpAq

“ HzpAq ˝ pπ´1 ˝ πq ˝ HzpAq

“ HzpAq ˝ pπ´1 ˝ IdpBq ˝ IdpBq ˝ πq ˝ HzpAq

Ď HzpAq ˝ pπ´1 ˝ HzpBq ˝ HzpBq ˝ πq ˝ HzpAq

“ pHzpAq ˝ π´1 ˝ HzpBqq ˝ pHzpBq ˝ π ˝ HzpAqq
“ τ 1 ˝ π 1

Ď HzpAq

…and similarly,HzpBq Ď π 1 ˝ τ 1 Ď HzpBq

Greg Restall Isomorphisms in a Category, of Propositions and Proofs Ʉɉ of ɈɃ



Hz-MatchingĎMx-Matching

If π, π 1 : A «Hz B, then
consider τ “ MxpBq ˝ π ˝MxpAq
and τ 1 “ MxpAq ˝ π 1 ˝MxpBq.

These satisfy theMx-matching criteria,
τ 1 ˝ π 1 “ MxpAq and π 1 ˝ τ 1 “ MxpBq.
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Proof

MxpAq “ IdpAq ˝ IdpAq ˝MxpAq
Ď MxpAq ˝ HzpAq ˝MxpAq
“ MxpAq ˝ pπ 1 ˝ πq ˝MxpAq
“ MxpAq ˝ pπ 1 ˝ IdpBq ˝ IdpBq ˝ πq ˝MxpAq
Ď MxpAq ˝ pπ 1 ˝MxpBq ˝MxpBq ˝ πq ˝MxpAq
“ pMxpAq ˝ π 1 ˝MxpBqq ˝ pMxpBq ˝ π ˝MxpAqq
“ τ 1 ˝ τ

Ď MxpAq

…and similarly,MxpBq Ď π 1 ˝ τ 1 Ď MxpBq
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Proof

MxpAq “ IdpAq ˝ IdpAq ˝MxpAq
Ď MxpAq ˝ HzpAq ˝MxpAq
“ MxpAq ˝ pπ 1 ˝ πq ˝MxpAq
“ MxpAq ˝ pπ 1 ˝ IdpBq ˝ IdpBq ˝ πq ˝MxpAq
Ď MxpAq ˝ pπ 1 ˝MxpBq ˝MxpBq ˝ πq ˝MxpAq
“ pMxpAq ˝ π 1 ˝MxpBqq ˝ pMxpBq ˝ π ˝MxpAqq
“ τ 1 ˝ τ

Ď MxpAq

…and similarly,MxpBq Ď π 1 ˝ τ 1 Ď MxpBq
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Mx-MatchingĎ Logical Equivalence

IfA «Mx B then there are proofs
π : A � B and τ : B � A.
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Matching Relations are Equivalence Relations

reflexive HzpAq,HzpAq : A «Hz A.

MxpAq,MxpAq : A «Mx A.

symmetric If π, π 1 : A «Hz B, then π 1, π : B «Hz A.

If π, π 1 : A «Mx B, then π 1, π : B «Mx A.

transitive If π, π 1 : A «Hz B and τ, τ 1 : B «Hz C, then
pτ ˝ πq, pπ 1 ˝ τ 1q : A «Hz C.

If π, π 1 : A «Mx B and τ, τ 1 : B «Mx C, then
pτ ˝ πq, pπ 1 ˝ τ 1q : A «Mx C.
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MoreMatchings

p_ p «Hz p «Hz p^ p

p _ p

p

p _ p

p _ p

p

p _ p
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MoreMatchings

p_ p «Hz p «Hz p^ p

p

p _ p

p

p

p

p
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MoreMatchings

p^ pq_ rq «Hz pp^ qq _ pp^ rq

p ^ pq _ rq

pp ^ qq _ pp ^ rq

p ^ pq _ rq

p ^ pq _ rq

pp ^ qq _ pp ^ rq

p ^ pq _ rq
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MoreMatchings

p^ pq_ rq «Hz pp^ qq _ pp^ rq

pp ^ qq _ pp ^ rq

p ^ pq _ rq

pp ^ qq _ pp ^ rq

pp ^ qq _ pp ^ rq

p ^ pq _ rq

pp ^ qq _ pp ^ rq
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Mx-MatchingĂ Logical Equivalence

fact: If an atom p occurs positively inA

but not in B, thenA and B do notMx-match.

proof: MxpAq : A � A contains the link from that occurrence of p in the
premiseA to its corresponding occurrence in the conclusionA.

No proof fromA to B contains a link from that occurrence to anything in B

(since there is no positive occurrence in B at all).

So, in the composition proof fromA toA, there is no link from the premise
occurrence to the conclusion occurrence. No proof fromA to B and back can
recreateMxpAq.
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but not in B, thenA and B do notMx-match.

proof: MxpAq : A � A contains the link from that occurrence of p in the
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Mx-MatchingĂ Logical Equivalence

fact: If an atom p occurs positively [negatively] inA

but not in B, thenA and B do notMx-match.

proof: MxpAq : A � A contains the link from [to] that occurrence of p in the
premiseA to [from] its corresponding occurrence in the conclusionA.

No proof fromA to B contains a link from [to] that occurrence to anything in
B (since there is no positive [negative] occurrence in B at all).

So, in the composition proof fromA toA, there is no link from [to] the
premise occurrence to [from] the conclusion occurrence. No proof fromA to
B and back can recreateMxpAq.
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Mx-MatchingĂ Logical Equivalence: Examples

fact: If an atom occurs positively
[negatively] inA but not in B

thenA and B do notMx-match.

corollary: p ffMx p^ pq_␣qq.

p^␣p ffMx q^␣q.
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Hz-matchingĂMx-matching

pp^␣pq ^ pq_␣qq «Mx pp_␣pq ^ pq^␣qq

pp ^␣pq ^ pq _␣qq

pp _␣pq ^ pq ^␣qq

pp ^␣pq ^ pq _␣qq

pp ^␣pq ^ pq _␣qq

pp _␣pq ^ pq ^␣qq

pp ^␣pq ^ pq _␣qq
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Hz-matchingĂMx-matching

pp^␣pq ^ pq_␣qq «Mx pp_␣pq ^ pq^␣qq

pp ^␣pq ^ pq _␣qq

pp _␣pq ^ pq ^␣qq

pp ^␣pq ^ pq _␣qq

pp ^␣pq ^ pq _␣qq

pp _␣pq ^ pq ^␣qq

pp ^␣pq ^ pq _␣qq
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IsomorphismĂHz-MatchingĂMx-MatchingĂ Logical Equivalence
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So what are thematching relations?
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matching & logics
of analytic
containment



Angell's Logic of Analytic Containment

ac1 A Ø ␣␣A

ac2 A Ø pA^Aq

ac3 pA^ Bq Ø pB^Aq

ac4 A^ pB^ Cq Ø pA^ Bq ^ C

ac5 A_ pB^ Cq Ø pA_ Bq ^ pA_ Cq

r1 A Ø B,CpAq ñ CpBq

Here,A_ B is shorthand for␣p␣A^␣Bq.

You can defineA Ñ B asA Ø pA^ Bq.

Famously,A Ñ pA_ Bq is not derivable in Angell’s logic.
We cannot proveA Ø pA^ pA_ Bqq.
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Extensions of Angell's Logic

§ The first degree fragment of Parry’s Logic of Analytic Containment is
found by adding pA_ pB^␣Bqq Ñ A to Angell’s Logic.

§ Parry’s logic still satisfies this relevance constraint: A Ñ B is provable only
when the atoms in B are present inA.

§ First Degree Entailment (fde) is found by addingA Ñ pA_ Bq to Angell’s
Logic.

§ fde allows for a disjunctive (or conjunctive) normal form. The only
difference from classical logic is that p_␣p, and q^␣q are both
non-trivial, and ineliminable.

§ A simple translation encodes fde inside classical logic. Choose, for each
atom p, a fresh atom p 1, its shadow. For each fde formulaA, its translation
is the formulaA 1 found by replacing the negative occurrences of atoms p

inA by their shadows. An argument is fde valid iff its translation is
classically valid.
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MxpA,Bq

definition: MxpA,Bq is the set of all possible linkings
which could occur in any proof fromA to B.

That is, it contains a link from
tpositive atoms inA, negative atoms in Bu

to matching tpositive atoms in B, negative atoms inAu.

fact: MxpA,Bq is a proof iff
there is some proof fromA to B.
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MxpA,Bq examples

Mxpp, qq

p

q

No links.

Mxpp_␣p, p^␣qq

p _␣p

p ^␣q

Not a proof.
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MxpA,Bq andmatching

lemma: IfA «Mx B, thenMxpA,Bq andMxpB,Aq

are proofs, andMxpA,Bq,MxpB,Aq : A «Mx B

proof: If π, π 1 : A «Mx B, then π Ď MxpA,Bq and
π 1 Ď MxpB,Aq, soMxpA,Bq andMxpB,Aq are both proofs.

Since π 1 ˝ π “ MxpAq, we have
MxpAq “ π 1 ˝ π Ď MxpB,Aq ˝MxpA,Bq Ď MxpAq,

and similarly,MxpBq “ MxpA,Bq ˝MxpAq,
soMxpA,Bq,MxpB,Aq : A «Mx B.
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CharacterisingMx-Matching

fact: IfA is classically logically equivalent to B,
and all atoms occurring positively [negatively] inA

also occur positively [negatively] in B,
and vice versa, thenA and BMx-match

— and conversely.
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Proof

IfA is logically equivalent to B, thenMxpA,Bq andMxpB,Aq are both proofs.

It suffices to show thatMxpB,Aq ˝MxpA,Bq “ MxpAq (and similarly for B).
To show this, we need to show that each positive [negative] occurrence of an
atom inA is linked to any positive [negative] occurrence of that atom inA by
way of some link inMxpA,Bq composed with a link inMxpB,Aq. But since
that atom occurs positively [negatively] also in B at least once, the links to
accomplish this occur inMxpA,Bq andMxpB,Aq.

Conversely, ifA «Mx B, we have already seen thatA and Bmust be
equivalent, and no atom occurs positively [negatively] inA but not B.

Greg Restall Isomorphisms in a Category, of Propositions and Proofs ɆɈ of ɈɃ



This is not Equivalence in Parry's Logic

fact: A is equivalent to B

in Parry’s logic of analytic containment iff
A is classically equivalent to B

and the atoms present inA are present in B

and vice versa.

pp^␣pq ^ q ffMx pp^␣pq ^ ␣q

But this pair satisfies Parry’s variable sharing criteron.
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OpenQuestion

Does the equivalence relation ofMx-matching
occur elsewhere in the literature?
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HzpA,Bq

definition: HzpA,Bq is the set of all possible linkings
which could occur in any proof fromA to B,

excluding caps and cups.

That is, it contains a link from
positive atoms inA to corresponding positive atoms in B

and negative atoms inA to corresponding negative atoms in B.

Greg Restall Isomorphisms in a Category, of Propositions and Proofs ɇɁ of ɈɃ



HzpA,Bq

definition: HzpA,Bq is the set of all possible linkings
which could occur in any proof fromA to B,

excluding caps and cups.

That is, it contains a link from
positive atoms inA to corresponding positive atoms in B

and negative atoms inA to corresponding negative atoms in B.

Greg Restall Isomorphisms in a Category, of Propositions and Proofs ɇɁ of ɈɃ



HzpA,Bq examples

Hzpp^␣p, q_␣qq

p^␣p

q_␣q

No links!

Hzpp^␣p, p_␣pq

p ^␣p

p _␣p

A proof, but not
the maximal one.
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HzpA,Bq and fde

fact: HzpA,Bq is a proof iff
the argument fromA to B is fde valid.

§ From fde-validity toHz-proof: straightforward induction on an
fde-axiomatisation.

§ From theHz-proofHzpA,Bq to fde-validity. Notice that no negative
occurrences of atoms inA or B are linked to any positive occurrences of
atoms inA or B. So, there is anotherHz-proofHzpA 1, B 1q for the fde
translations forA and B.
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HzpA,Bq andHz-matching

lemma: IfA «Hz B, thenHzpA,Bq andHzpB,Aq

are proofs, andHzpA,Bq,HzpB,Aq : A «Hz B

proof: If π, π 1 : A «Hz B, then then since π 1 ˝ π “ HzpAq and
π ˝ π 1 “ HzpBq, π and π 1 are cap- and cup-free, so π Ď HzpA,Bq and

π 1 Ď HzpB,Aq, soHzpA,Bq andHzpB,Aq are both proofs.

Since π 1 ˝ π “ HzpAq, we have
MxpAq “ π 1 ˝ π Ď HzpB,Aq ˝ HzpA,Bq Ď HzpAq,

and similarly,HzpBq “ HzpA,Bq ˝ HzpAq,
soHzpA,Bq,HzpB,Aq : A «Mx B.
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CharacterisingHz-Matching

fact: IfA is fde-equivalent to B,
and all atoms occurring positively [negatively] inA

also occur positively [negatively] in B,
and vice versa, thenA and BHz-match

— and conversely.
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Proof

IfA is fde-equivalent to B, thenHzpA,Bq andHzpB,Aq are both proofs.

It suffices to show thatHzpB,Aq ˝ HzpA,Bq “ HzpAq (and similarly for B). To
show this, we need to show that each positive [negative] occurrence of an atom
inA is linked to any positive [negative] occurrence of that atom inA by way of
some link inHzpA,Bq composed with a link inHzpB,Aq. But since that atom
occurs positively [negatively] also in B at least once, the links to accomplish
this occur inHzpA,Bq andHzpB,Aq.

Conversely, ifA «Hz B, we have already seen thatA and Bmust be
fde-equivalent, and no atom occurs positively [negatively] inA but not B.
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Hz-matching”Angellic Equivalence

fact: (Fine, Ferguson)A is equivalent to B in Angell’s logic of analytic
containment iffA is fde equivalent to B, and any atom occurs

positively [negatively] inA iff it occurs positively [negatively] in B.

So,Hz-matching is equivalence
in Angell’s Logic of Analytic Containment.
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matching as
isomorphism



HzpAq andMxpAq are Idempotents

§ HzpAq ˝ HzpAq “ HzpAq,MxpAq ˝MxpAq “ MxpAq.

§ For any category C, if iA is an idempotent for each objectA, we can form
a new category Ci with the same objects as C, and with arrows
iB ˝ f ˝ iA : A Ñ B.

§ In this new category, the idempotents iA are the new identity arrows.

§ So, CHz and CMx are both categories — like C, but less discriminating,
with fewer arrows.

§ Hz-matching is isomorphism in CHz.

§ Mx-matching is isomorphism in CMx.

Greg Restall Isomorphisms in a Category, of Propositions and Proofs ɇɉ of ɈɃ



HzpAq andMxpAq are Idempotents

§ HzpAq ˝ HzpAq “ HzpAq,MxpAq ˝MxpAq “ MxpAq.

§ For any category C, if iA is an idempotent for each objectA, we can form
a new category Ci with the same objects as C, and with arrows
iB ˝ f ˝ iA : A Ñ B.

§ In this new category, the idempotents iA are the new identity arrows.

§ So, CHz and CMx are both categories — like C, but less discriminating,
with fewer arrows.

§ Hz-matching is isomorphism in CHz.

§ Mx-matching is isomorphism in CMx.

Greg Restall Isomorphisms in a Category, of Propositions and Proofs ɇɉ of ɈɃ



HzpAq andMxpAq are Idempotents

§ HzpAq ˝ HzpAq “ HzpAq,MxpAq ˝MxpAq “ MxpAq.

§ For any category C, if iA is an idempotent for each objectA, we can form
a new category Ci with the same objects as C, and with arrows
iB ˝ f ˝ iA : A Ñ B.

§ In this new category, the idempotents iA are the new identity arrows.

§ So, CHz and CMx are both categories — like C, but less discriminating,
with fewer arrows.

§ Hz-matching is isomorphism in CHz.

§ Mx-matching is isomorphism in CMx.

Greg Restall Isomorphisms in a Category, of Propositions and Proofs ɇɉ of ɈɃ



HzpAq andMxpAq are Idempotents

§ HzpAq ˝ HzpAq “ HzpAq,MxpAq ˝MxpAq “ MxpAq.

§ For any category C, if iA is an idempotent for each objectA, we can form
a new category Ci with the same objects as C, and with arrows
iB ˝ f ˝ iA : A Ñ B.

§ In this new category, the idempotents iA are the new identity arrows.

§ So, CHz and CMx are both categories — like C, but less discriminating,
with fewer arrows.

§ Hz-matching is isomorphism in CHz.

§ Mx-matching is isomorphism in CMx.

Greg Restall Isomorphisms in a Category, of Propositions and Proofs ɇɉ of ɈɃ



HzpAq andMxpAq are Idempotents

§ HzpAq ˝ HzpAq “ HzpAq,MxpAq ˝MxpAq “ MxpAq.

§ For any category C, if iA is an idempotent for each objectA, we can form
a new category Ci with the same objects as C, and with arrows
iB ˝ f ˝ iA : A Ñ B.

§ In this new category, the idempotents iA are the new identity arrows.

§ So, CHz and CMx are both categories — like C, but less discriminating,
with fewer arrows.

§ Hz-matching is isomorphism in CHz.

§ Mx-matching is isomorphism in CMx.

Greg Restall Isomorphisms in a Category, of Propositions and Proofs ɇɉ of ɈɃ



HzpAq andMxpAq are Idempotents

§ HzpAq ˝ HzpAq “ HzpAq,MxpAq ˝MxpAq “ MxpAq.

§ For any category C, if iA is an idempotent for each objectA, we can form
a new category Ci with the same objects as C, and with arrows
iB ˝ f ˝ iA : A Ñ B.

§ In this new category, the idempotents iA are the new identity arrows.

§ So, CHz and CMx are both categories — like C, but less discriminating,
with fewer arrows.

§ Hz-matching is isomorphism in CHz.

§ Mx-matching is isomorphism in CMx.

Greg Restall Isomorphisms in a Category, of Propositions and Proofs ɇɉ of ɈɃ



CMx andCHz are nontrivial, nonetheless

p ^ q

p ^ q

p _ q

p _ q

p ^ q

p ^ q

p _ q

p _ q

p ^ q

p ^ q

p _ q

p _ q

These are each different proofs in CMx and CHz.
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To Conclude

§ Proof theoretical resources for classical logic provide tools for fine-grained
hyperintensional distinctions.

§ Extending these results to include the unitsJ andK are not difficult.
(They were left out only to ease the presentation).

§ Relate these results tomodels of logics of content.

§ Extend these results to first order logic, and beyond!
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thank you!



Thank you!

slides: http://consequently.org/presentation/

feedback: @consequently on Twitter,
or email at restall@unimelb.edu.au
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