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DAY I

NATURALDeduction



TODAY's PLAN

NATURALDEDUCTION PRoofs for -

NORMAL Proofs

CONSEQUENCESOF NORMALITY

Negation & fasity
Alternatives & Classical Logic

EXTRA ToPCs (if time)



Whatis a proof?
-

A proof from P, Pr,By to C shows that C ,
in a context

in which P
,, 42$Ps aretaken as given

.



NATURALDEDUCTION RULES

for a conditional
[A]
:

A-B A B
A ->E ->I

B A-B



Let's prove (eq) -> ((s + p) + (s + ri) from 4- (q+ r)

p-> (9-r)
5- 9 2

S - P [S- p)&s] 3.

↑
S

#xcqtr)-]-E
q+ r- -E

p
->
-

S+ 1 2

--I

(s-p) + (s+r)
->-

(S+ q)+ ((S-p)
+ (s- 1)



STRUCTURAL RULES DISCHARGE

what isgeif
on here?? p - g+ p

&
-

P
-> I

i 9 - q

EA
i
--

AtB p+ (p+q))- p+g ↑
q
-

4-q



Four Different loGICS
fromfor dischargepolicies

Constructiv Any numberof
formulas MEW

RELEVANT
-X Affine

At least one & ⑨ Atmost on

formulae, 1- formula MS1

· Exactlyone
-

LINEAR
formula n=1



The Introduction/Elimination Detour

[A] Thatmaximum

#
# ! is gene.2

B #z
A

A+B

->I

A
E #

y B

->E B

localmaximum in complexity.



HARMONY

Whatyou can do
with A-1B .. - - ⑭ to get A+ B .

- ↳ what it takes

BAs A-B

->I

↑
Infer from
A to B



A NORMAL PROOF IS One WITH No DETOURS



NORMALIZATION

#

⑭B so
Keep doing This until
the resultis normal



UNEAR/AffiNE NORMALISATION
#

⑭ D - - - - -

↑
,
so the processThis is larger than this

of normalising must come to an
end

,

since the proofs get smaller.



DUPLICATEDISCHARGE IS A PROBLEM

(a)-[A) (A) T it Th

YAI[ nB

A- Bi ↑
↳

LayePl Amuche eter
detours

manywore
detours .



USE A SMART REDUCTION STRATEGY
#

I -----so
· Pick a most complex dateur formula,p
- with no deton formulas ofthesize any higher
(ie in , or

in#2)

·it has fewer deter formulas ofthat complexity them
I.

·
The determeative (d , dz ..., dn) always

decreases .

Ldi = #deterformulas of complexity is en complexity of largestdf)



-Ta*
... Reduction Is Confluent IT T

S

H

... AND STRONGLY NORMALIZING .



NORMAL PROOfS ARE ANALYTIC
.

In any normal proof Itfrom X to A , every formula it

is a subformed of the formulas in XULAY.

why?

An induction on the construction ofTT.

-It an assumption proof of AfromA? Simply obvious.
X,[A]
#

&It made from a normal proof# by ->*? 1- I
A+ B

· Everything inI is inside X,
A
,B , so everything

~ It is insideX, A-B !
X Y

T It M T

↓Iis made from normal proofs of C-AP2, by+E 2- A L
-->E

A

an I, does met end in-I ...



WHAT IS So SPECIALABOUT ANALYTIC PROOfS?

· SEPARABILITY Of RULES

· Prof Search

· MEANING



WHAT ABOUT NEGATION ?



A false proposition?

↓

7A =
af
A - +



PROOFS REFUTATIONS

AC



ASSERTION & DENAL

↑ Classical Proof

[A]
:

#

A



Let's Prove ((p+ 9) + p)-> p

[p) <p>
y

- p
#
-

q
3
-->11

4+ G z2xtp)e Cp
- ↑

#
-↓
P
-

(( + 9)+ p C + p



NEGATION :Two OPTIONS

G # fe
f
fe-

f #

LA af A+f

As
② A -A



LETS Preve <p
-> P

(p)'(x)"
↑

#
7 Il

LP - P
LE

#
Z

J
P



NORMAL PROOFS WITH ALTERNATIVES

↳
↓

↓ ↑ detour
# i D A
- ↓
A A #
-n
#

(AXB)
:

↓+E detour I D...

# i #z
- d
A+ B A
-+F

B



Zooming In to WHERE A-B IS STORED

Tan Tan ThE E*B A+B A
--->E j

- BB]
I #

# i #z
- d Th
-+F
A+ B

B

A

i

(In the resulting proof, if A-B is introduced wittoms)it now can be normalized away



NORMALISATION WITH ALTERNATIVES

-/E d/ dIeE ($ fIlfE or cI/E) deters can

all be normalized away , esulting ina unique normal form.

& Direct Proof

② PROOF By RANSLATION
int proofs without alternatives
-

by way of a doubbnegation translation



OTHER CONNECTIVES

Define AQB as -(A+ <B)

[A-> 2B]"A
- -E

wB B

A B - E

- ie #
AB --

v(A+ (B)

A B ?
A



ONLY IN THE PRESENCEOf WEAKENNG

(VACUOUSDISCHARGE)

CAJ (A)
-a [C]
# # i
B -B

-- *

CA- (B)-S
LE· - ↓

2
#

B

This is notsurpassinat !

# A B

- #B
A B



THE REAL DE RULE

this makes sense inthe presence/absence
of contraction& weakening

↓

(AJ (B) j
It

k

[A] BC" c[X]
-

# j
# - TI

>B ?

C -->I

aQi ie v(A+uB) A+13
-E

#
- ↓

k

2



Disfunction?

Define AB as -A->B
I

CA]

i
#
,

[A (B)
#upi

& #AB
# # I i -A->B -A

->E-
# B

#
#

~

A
i Basi
* -d

# i

ic [A] A
- E

# #
as-

B
-k
~A->B



WHAT ABOUT QUANTIFERS?

Substi3 SIDICONDITION

XxA(x)



... AND Identity?

substitut #Alt) =E
Als)

(Fs) CE
Es

STON
of

= Es
Refe


