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My Aim

To introduce a new invariant
for classical propositional proofs
and to show how they can be used.
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BACKGROUND



When is 711 the same proof as 71,?
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p>pVdq N p pAg>p
PAg>pVg pVq pAda>pVdq




When is 711 the same proof as 71, ?

p>p
p>pVg
pPAd>pVg

a>q
a>pVgdg
PAd>pVgdg

pPAq

NE

pVq

p>p
pAg>p
PAd>-pVyq

qa>q
pPAd>(q
_—V

pAd>pVyq



When is 711 the same proof as 71, ?

[p)’ [q]'
VI VI
pVdq qVp qVvyp
VE
qaVy
VI
(qVp)Vr

[p)’ . [q]'

qVyp qaVyp
VI VI

VI

(@Vp)Vr (avVp)Vr
VE

(@Vp)Vr

Are these different proofs, or different ways of presenting the same proof ?



Girard, Lafont and Taylor: Proofs and Types, Chapter 2

Natural deduction is a slightly paradoxical system: it is limited to the
intuitionistic case (in the classical case it has no particularly good properties) but
it is only satisfactory for the (A,=,V) fragment of the language: we shall defer
consideration of V and 3 until chapter 10. Yet disjunction and existence are the
two most typically intuitionistic connectors!

The basic idea of natural deduction is an asymmetry: a proof is a vaguely
tree-like structure (this view is more a graphical illusion than a mathematical
reality, but it is a pleasant illusion) with one or more hypotheses (possibly none)
but a single conclusion. The deep symmetry of the calculus is shown by the
introduction and elimination rules which match each other exactly. Observe,
incidentally, that with a tree-like structure, one can always decide uniquely what
was the last rule used, which is something we could not say if there were several
conclusions.



Lambda Terms and Proofs

x:pD(qD7)] [z:p] ly:pDadal [z:p]
SE SE
Xz:qDT yz: g
DE
(xz)(yz): 7
DI

Az (xz)(yz):pDr
AYyAz (xz)(yz): (pDq) D (p D)
MAYAz (xz)(yz): (P D (@DT1)) D ((PDq)D(pDT))

DI

DI



Contraction and weakening are managed by variables

[x: p]
Ayx:q>DDp
AMAyx:p D (qDp)

oI

DI



Contraction and weakening are managed by variables

x:pD(pP>Dq) [y:pl

[x: p] SE
— I xy:p>O(q ly:pl
Ayx:q>DDp DE
oI (xy)y: g
AMAYyx:p D (q D p) DI

Ay (xy)y:pDq



Classical Sequent Derivations

p>p p>p
P, P P, P >

pV—p PA—D >



Classical Sequent Derivations

pP>p pP>p
—R —L
> P, 7P P, 7P >
——— VR —F AL
pV—p PA—D >

q>-q rv>71

VL
p>p qVr>aq,r

/AR
p,qVr>pAq,r

AL

pA(@VT)>pAdg,r
VR
pA(@VT)>(PAqIVT




Sequents and Terms

X>Y X>AY X,A>Y

Where do you put the variables,
and where do you put the terms?



Our Choice

x1:A1,...,xn:An>y1:B1,...,ym:Bm



Our Choice

x1:A1,...,xn:An}y1:B1,...,ym:Bm

Each premise and conclusion is decorated with variables.



Our Choice

T[(X1)"')Xn)[y1)"')ym]

x1:A1,...,xn:An}y1:B1,...,ym:Bm

Each premise and conclusion is decorated with variables.

The sequent gets the term, connecting inputs & outputs.



Example1

vy 27z
gy Z:T>-2zZ:T
y:q>y:q L
XX

Lw™y Rw™z
X:p>Xx:p w:qVr>y:q,z:r

AR

X Fv LwSv Rw™z

x:pw:qVr>v:ip/Ag,z:r

Fu™Fv LSu™Sv RSu"z
wpA(gVr)>vipAgz:r
Fu™FLt LSu™SLt RSu™ Rt
w:pA(@Vr)>»t:(pAg)Vr




Example 2

XX X% 27z
X X! X: X Z: - Z.
p p P P p P
xFy xSy Fw™z
X:p>y:pAp WipAp>z:p

Cut
X Fe X "Se Fe "z

X:p>z:p



PRETERMS



Variables and Cut Points

» For each formula A, x{\, xé\, ...are VARIABLES of type A.
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Variables and Cut Points

» For each formula A, x{\, xé\, ...are VARIABLES of type A.
» For each formula A, 01\, oé\, ...are CUT POINTS of type A.

- Weuse x,y,z,u,v,Ww,...;® %, % f basschematic letters for variables
and cut points, ommitting type superscripts where possible.



Nodes and Subnodes

» Avariable x of type A and a cut point e of type A are both A NODES.



Nodes and Subnodes

» Avariable x of type A and a cut point e of type A are both A NODES.

» Ifnisan A A Bnode, then Ln is an A node and Rn is a B node.



Nodes and Subnodes

» Avariable x of type A and a cut point e of type A are both A NODES.
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Avariable x of type A and a cut point e of type A are both A NODEs.
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Nodes and Subnodes

Avariable x of type A and a cut point e of type A are both A NODEs.
If nisan A A B node, then Ln is an A node and Rn is a B node.
Ifnisan AV B node, then Fnis an A node and Sn is a B node.
Ifnisan A D B node, then Anisan A node and Cn is a B node.

If nisa—A node, then Nn is an A node.



Nodes and Subnodes

Avariable x of type A and a cut point e of type A are both A NODEs.
If nisan A A B node, then Ln is an A node and Rn is a B node.
Ifnisan AV B node, then Fnis an A node and Sn is a B node.
Ifnisan A D B node, then Anisan A node and Cn is a B node.
If nisa—A node, then Nn is an A node.

For each complex node Ln, Rn, Fn, Sn, An, Cn and Nn, 1. is its IMMEDIATE
subnode, and the subnodes of n are also subnodes of the original node.
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Linkings, Inputs and Outputs

» A LINKING is a pair 1" m of nodes of the same type.

» Inn~m, nisin INPUT POSITION, and m is in OUTPUT POSITION.

» Positions generalise to subnodes as follows:

>

v

If Ln, Rn, Fn, Sn or Cn are in input position, n is also in input position.
If Ln, Rn, Fn, Sn or Cn are in output position, n is also in output position.

- L, R, F, S and C each preserve position.
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If An or N1 is in input position, 1 is in output position.
If An or N1 is in oufput position, n is in input position.
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Linkings, Inputs and Outputs

» A LINKING is a pair 1" m of nodes of the same type.
» Inn~m, nisin INPUT POSITION, and m is in OUTPUT POSITION.

» Positions generalise to subnodes as follows:

» IfLn, Rn, Fn, Sn or Cn are in input position, n is also in input position.

v

If Ln, Rn, Fn, Sn or Cn are in output position, n is also in output position.
- L, R, F, S and C each preserve position.

v

If An or N1 is in input position, 1 is in output position.

v

If An or N1 is in oufput position, n is in input position.

— Aand N reverse position.

» The INPUTS (OUTPUTS) of a linking are the variables in INPUT (OUTPUT)
position of that linking.



Example Linkings

xoftype ((p D q)Dp)Dp



Example Linkings

xoftype ((p D q)Dp)Dp

AAAX”"Cx



Example Linkings

xoftype ((p D q)Dp)Dp

AAAX”"Cx

CAx™ Cx



Preterms

» A PRETERM is a finite set of linkings.
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Preterms

» A PRETERM is a finite set of linkings.
» The INPUTS of a preterm are the inputs of its linkings.

» Its oUTPUTS are the outputs of its linkings.



DERIVATIONS



Annotating Derivations: Identity

—~

X7y
I x:A>y:AA



Annotating Derivations: Conjunction

7(x,y)

Sx:Ay:B>A
AL

7t(Fz,Sz)

Y z:AAB»> A



Annotating Derivations: Conjunction

mi(x,y) 7ilx] 7'[y]
I x:Ay:B>A I>x:AA Y/ >vy:B,A
AL AR
mt(Fz,Sz) mnlFz] 7'[Sz]

Y z2AAB>A 5,2 »z: AAB,A A



Excursus on Weakening and Variables

[x: p]
— DI
AYyx:gq>DPp

DI
AMAyx:p D (qDp)



Excursus on Weakening and Variables

[x: p]
— DI
AYyx:gq>DPp
DI
MAYyx:p D (q D p)
m(x,y) (%)
Lx:A,y:B>A Sx:A>A
AL canbe AL
7t(Fz, Sz) 7(Fz)

Y z2AAB>A X, z2:AANB>A



Excursus on Weakening and Variables

[x: p]
AYyx:gq>DPp
MAYyx:p D (q D p)

DI

)

m(x,y) 7t(x)

Yx:A,y:B>A Y x:A>-A
AL canbe AL

71(Fz, Sz) m(Fz)
Y z2AAB>A X, z2:AANB>A

In a premise 7t(x, y) the indicated x and y display all
of the x and y inputs to the proof term.

There might be none.



Annotating Derivations: Negation

7t[x] 7(x)
X>xAA Lx:A>A
—L —R
7t[Nz] 7(Nz)

X, z: A A X>z:—AA



Annotating Derivations: Disjunction

7i(x) ' (y) 7ilx, Y]

I x:A>A Y y:B> A I>x:A,y:BA
VL VR

n(lz) 7’'(Rz) 7t[lz, Rz]
1Y z:AVB>AA 2>z:AVBA



Annotating Derivations: Conditional

mi[x] ' (y) 7i(x) [yl
I>x:AA Y y:B> A I x:A>y:BA
DL DR
nlAz] 7'(lz) m(Az)[Cz]

Y z2ADB>AA I>z:ADBA



Example Annotation

vy 27z
. > . zZ.rT>zZ.7r
y:q>-y.q VL
XX

lw™y Rw™z
X:p>x:p w:qVr>y:q,z:r

AR

X Fv LwTSv Rw™z

x:p,w:qVr>v:ipAgq,z:r

Fu™Fv LSu™Sv RSu™z
w:pAqVr)>vipAq,z:r
FuTFLt LSuTSLt RSU TRt
w:pAqVr)>t:(pAgq)Vr




Annotating Derivations: Cut

7i(x] ' (y)

I>x:AA Yy A A
Cut

mife] 7/(e)

I, > A A



Example Annotation, with Cut

XX XX XX XX
X =X X! X! X =X X X!
p P p P, p P p P
lLy™x Ry x x " Fz xSz
y:pVp>x:p X:p>z:pAp c
ut

ly e Ry e e Fz e Sz

y:pVp>z:pAp



When is 711 the same proof as 71, (revisited)?

727z 727z
Z:p>z:p VR PAq Z:p>z:p VR
2 ly NE Fx "z
z:p>-y:pVq AL VI x:p/A\g>z:p AL
Fx Ly p Vv q Fx Ly

x:pAg>y:pVq x:pAgq>y:pVq



When is 711 the same proof as 71, (revisited)?

27z 27z
z:p>z: z:p>z:
p Pk pPAq L P R
2Ly NE Fx "z
z2p>y:pV x:p/\q>z:
P>y:pVvq AL v VI P/Aq P AL
Fx Ly p q Fx Ly
x:pAg>y:pVq x:pAg>y:pVq
ww ww
w:dg>Ww: w:dg>Ww:
q q VR PAQ q q VR
w™ Ry NE SxTw
w:g>y:pV x:p/A\Ng>w:
a>y:pvgq AL v VI P/Aq q AL
Sx Ry p q Sx Ry

x:pAg>y:pVq x:pAg>y:pVq



When is 711 the same proof as 71, (revisited)?

[p)’ [q]'
VI VI
pVq qVp qVvyp
VE
aVyp
VI
(qVp)Vr
X% vy
X:p>xX:p VR y:q>y:dq VR
xRz Yy lz
prz:qV q>z:qV
X:p>z:qVvp y:q>z:qvp VL
Lw™Rz Rw™ Lz
pV qV
wipvdqg>z:.qVvyp VR

Lw™RLw Rw™LLu

w:pVgru:(qVp)Vr



When is 711 the same proof as 71, (revisited)?

[p]’ [q!
— VI VI
qVyp qVyp
VI VI
pVa (@Vp)Vr (q\/p)\/rVE1
(qVp)Vr
XX Yy
X:p>x:p VR y:qr-vy:q VR
xRz xLlu
: qV : qV
X:p>z:qVvVp VR y:q>z:qvp VR
x T RLu Yy~ Llu
x:p>u:(qVp)Vr y:g>-u:(qgVp)Vr

VL

Lw™RLw Rw™LLu

w:pVgru:(qVp)Vr



Sequentialisable Preterms

A preterm 1S SEQUENTIALISABLE
iff it is the conclusion of some derivation.






Nonsequentialisable Preterms

Lx"Fy Rx"Sy

x:pVag-y:p/\q

This is connected, but it is not connected enough.



Switching Example

Lx"Fy Rx"Sy

x:pVag>y:p/Aq



Switching Example

Lx"Fy Rx"Sy

x:pVag>y:p/Aq

xFy RETSY
x:pV—>y: pA—

Lx’\ﬁy/ RETSY
x:pV—>y:—Aq

MK TFy RSy
x:—Vgry:pN\—

,sz/’\}y/ Rx Sy
x:—Vgry:—/Aq



Switchings

» The SWITCHINGS of a preterm 7t are found by selecting for each pair of
subterms Ln and Rn in input position; Fn and Sn in output position, An in
output position and Cn in input position; or the cut point e (in both input
and output position), one item of the pair to keep, and the other to DELETE.
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Switchings

» The SWITCHINGS of a preterm 7t are found by selecting for each pair of
subterms Ln and Rn in input position; Fn and Sn in output position, An in
output position and Cn in input position; or the cut point e (in both input
and output position), one item of the pair to keep, and the other to DELETE.

> A LINKING in a switching of a preterm 7t SURVIVES if and only if neither
side of the link involves a deletion.

» A preterm is SPANNED if every switching has at least one surviving linking.



Example

Fu” FLt LSu” SLt RSu” "Rt

This has two pairs for switching:

LSu/RSw in input position.  FLt/SLt in output position.



Example

Fu” FLt LSu” SLt RSu” "Rt

This has two pairs for switching:

LSu/RSw in input position.  FLt/SLt in output position.

Fu™Btt LS SLt RSu™ Rt
Fu™FLt LS Skt RSu™ Rt
Fu™ Bkt LSu” SLt RSu” "Rt

Fu™ FLt LSu” Skt RSu” Rt



Terms

A preterm 7t is a TERM when it is SPANNED.



Sequentialisable Preterms are Terms

By induction on the derivation sequentialising 7t.



Sequentialisable Preterms are Terms: Identity

—~

X"y
Zx:A>y:AA



Sequentialisable Preterms are Terms: Conjunction

mi(x,y) 7[x] 7'yl
L x:A,y:B>A I>x:AA Y >y:BA
AL AR
7t(Fz, Sz) m[Fz] 7t'[Sz]

2, z2AAB>A .Y »>z: AANBAA



Sequentialisable Preterms are Terms: Negation

7t[x] 7t(x)
>x:AA L Lx:A>A 2
7[Nz] 7(Nz)



Sequentialisable Preterms are Terms: Disjunction

7i(x) 7' (y) i[x, y]

Lx:A>A 2 y:B> A’ 2>x:A,y:B A
VL VR

n(lz) 7’'(Rz) 7t[Lz, RzZ]

.Y z2AVB>AA X>z:AVBA



Sequentialisable Preterms are Terms: Conditional

i[x] ' (y) 7(x) [y

>x:AA 2 y:B> A’ Y x:A>y:BA R

DL
n[Az] 7'(Cz) 7(Az)[Cz]

Y zzADB>AA 2>z:ADBA



Sequentialisable Preterms are Terms: Cut




Terms are Sequentialisable

By induction on the number of pairs for switching in 7.

Except ...

Xy u v



ELIMINATING CUTS



Conjunction Cut Reduction

x| m'[y] 7'’ (u,v)
I>x:A,A X' >y:BA Y/ us A viB> A"
AR AL
n[Fz] 7’'[Sz] 7" (Fw, Sw)
Y3 >z:AABAA " w:AAB> A

Cut

7t[Fe] m/[Se] 7t'/(Fe,Se)
ST - AN, A



Conjunction Cut Reduction

x| m'[y] 7'’ (u,v)
I>x:A,A X' >y:BA Y/ us A viB> A"
AR AL
n[Fz] 7’'[Sz] 7" (Fw, Sw)
Y3 >z:AABAA " w:AAB> A c
ut
7t[Fe] m/[Se] 7t'/(Fe,Se)
LY LT AN A"
reduces to
' [y] '’ (u,v)
Y >y:B,A X u:Av:B>A"
Cut
7t[x] /(%] 7w (u,*)
I>x:AA X ur A ALA

Cut

] U [R] w (%)

LI > AA A



Identity Cut Reduction

7t[x] y Tz

>x:AA Yy Az AA

o] ez

LY >z A A A

Cut



Identity Cut Reduction

7t[x] y Tz

>x:AA Yy Az AA

Cut

o] ez
LY >z A A A
reduces to

7z]

LY -z A A A



Difficult Cases: Contraction

XX XX XX XX
X: X X X X! X! X X
p p p P, p p p P
Ly™x Ry~ x xFz xSz
y:pVp>x:p 'Mp»ﬂpApC
ut

LyTe Ry e e Fz e Sz

y:pVp>z:pAp



Difficult Cases: Contraction

XX XX XX XX
X: X X X X! X! X X
p p p P, p P p P e
Ly™x Ry~ x xFz xSz
y:pVp>x:p X:p>z:p/Ap c
ut

LyTe Ry e e Fz e Sz

y:pVp>z:pAp

XX XX XX XX
X > X! X X X > X! X: > X!
p p p P, p p p P,
Ly”x Ry~ x Ly™x Ry~ x
y:pVp>x:p y:pVp>x:p
AR

Ly Fz Ry Fz Ly~ Sz Ry~ Sz
y:pVp>z:pAp



Difficult Cases: Contraction

XX XX XX XX
X: X X X X! X! X X
p p p P, p P p P e
Ly™x Ry~ x xFz xSz
y:pVp>x:p X:p>z:p/Ap c
ut

LyTe Ry e e Fz e Sz

y:pVp>z:pAp

XX XX XX XX
X > X X! > X X! > X X > X!
p p p P p p p P
X Fz xSz x Fz xSz
X:p>z:pAp X:p>z:p/A\p
VL

Ly Fz Ry Fz Ly~ Sz Ry~ Sz
y:pVp>z:pAp



Difficult Cases: Weakening

s s
Y>A XA
T 7’
L>xAA SYy:A>-A




Difficult Cases: Weakening

Y>A I>A

Mix
T 7T

XA



Back to Sequentialisation

Xy uwv



Back to Sequentialisation

Xy uwv

Xy u v

X:A>y:A u:B>v:B

Mix
Xy uv

x:A,u:B>y:B,v: A



Sequentialisation: Terms with No Switchings

The term contains no Ln, Rn, Cn and e in input position
or Fn, Sn, An and e in output position.
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Sequentialisation: Terms with No Switchings

The term contains no Ln, Rn, Cn and e in input position
or Fn, Sn, An and e in output position.

It has a derivation using the linear rules
AL, —L, —R, VR and DR and mixes.

Fy—Lz NRz"lz Sy Rz

Yy:pA-p>z:pV-p



Terms with No Switchings: Example

u T u v v
u:p>u:p V:—p>v:—p
—R VR
XX Nv ™ u v TRz
X:p>x:p > u:p,v:—p vi=p>z:pV—p
VR VR AL
xlz NRz Lz Sy~ Rz
xX:p>z:pV-p z:pV—p y:pA-p>z:pV-p
AL Mix
Fy~Lz NRz"Lz Sy~ Rz
y:pA—p>z:pV-p y:pA—p>z:pV-p
Mix

Fy~Lz NRz" Lz Sy~ Rz

y:pA-p>z:pV-p



Terms with Switchings

By induction on the number of switched pairs.

Take a switched pair at the adjacent to variables or cut points
(peel away unswitched steps if there aren’t any).

milx](—) =] (y)
I>x:AA Y y:B>A

n[Az](Lz)
LY z2ADB>A A

DL



Back to Eliminating Cuts: Cuts can be Complicated

7ilx, u] 7 [x, V] '’ (y,z,x)
»x:AAB,u:A >x:AAB,v:B AR y:A,z:B,x: AAB>
ntlx, Fx] 7t’[x, Sx] 7" (Fx, Sx, x)
>x:AAB x: AAB>

Cut
7t[e,Fe] 7t’[e Se] 7'/(Fe, Se, @)

XA

AL
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Cut Reductions

Given a term 7t(e)[e] and a cut-point e, the e-REDUCTION of 7t is found by:

»

>

atomic: replace each pairn”"eand ¢ " mbynm.

conjunction: for each Fe/Se, add new cut points x and . For any ¢ 1. add 1(n) for
each link 1(e) with n as input. For any n""e add l[n] for each link 1[e] with n as
output.

negation: for each Ne, add a new cut point . For any ¢ n add 1(n) for each link
L(e) with n as input. For any n"e add l[n] for each link 1[e] with n as output.

disjunction: for each Le/Re, add new cut points x and *. For any ¢ n add l(n) for
each link 1(e) with n as input. For any n""e add l[n] for each link 1[e] with n as
output.

conditional: for each Ae/Ce, add new cut points x and *. For any ¢ "1 add l(n) for
each link 1(e) with n as input. For any n"e add l[n] for each link 1[e] with n as
output.
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Any reduction for 7t terminates in a unique* term 7t*

» There is some terminating reduction process.

» Proof reduction is confluent.

— If 7t ~, v’ and 7 ~», 7" then there is a 7t"” where 7/ ~», 1" and

" "
TU ~e TU .
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To Do List

Are these genuine invariants? (Can we show that if two derivations have
the same term, some set of permutations permute one to the other?)

Categories (The class of single input, single output terms with composition by
defined by Cut + reduction is a category. What are its properties?)

Apply terms to theories of warrants.

Extend beyond propositional logic.



THANK YOU!

https://consequently.org/presentation/2016/
terms-for-classical-sequents-logicmelb/

@consequently on Twitter


https://consequently.org/presentation/2016/terms-for-classical-sequents-logicmelb/
https://consequently.org/presentation/2016/terms-for-classical-sequents-logicmelb/
http://twitter.com/consequently
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